REGULARITY OF SOLUTIONS TO CHARACTERISTIC INITIAL-BOUNDARY
VALUE PROBLEMS FOR SYMMETRIZABLE SYSTEMS

ALESSANDRO MORANDO, PAOLO SECCHI, AND PAOLA TREBESCHI

ABSTRACT. We consider the initial-boundary value problem for linear Friedrichs symmetrizable systems
with characteristic boundary of constant rank. We assume the existence of the strong L2 solution satis-
fying a suitable energy estimate, but we do not assume any structural assumption sufficient for existence,
such as the fact that the boundary conditions are maximally dissipative or the Kreiss-Lopatinski condi-
tion. We show that this is enough in order to get the regularity of solutions, in the natural framework
of weighted anisotropic Sobolev spaces, provided the data are sufficiently smooth.

1. INTRODUCTION AND MAIN RESULTS

It is well-known that for solutions of symmetric hyperbolic systems with characteristic boundary the
full regularity (i.e. solvability in the usual Sobolev spaces H™) cannot be expected generally because of
the possible loss of derivatives in the normal direction to the boundary, see [42, 18].

The natural space is the anisotropic Sobolev space H}", which comes from the observation that the one
order gain of normal differentiation should be compensated by two order loss of tangential differentiation;
such a fact was first found in [7]. The theory has been developed mostly for characteristic boundaries
of constant multiplicity (see the definition in assumption (B)) and maximally nonnegative boundary
conditions, see [7, 12, 20, 27, 29, 30, 31, 37]. For more facts about the H.™ spaces we also refer to
[19, 34, 38] and to Appendix B at the end of this paper. Function spaces of this type have also been
considered in [1, 10].

Even if the boundary is characteristic, it is not always needed to make use of H}'* spaces. An important
example is that of Euler equations, where, thanks to the vorticity equation, one can find the solution in
the usual Sobolev spaces H™, see [3, 26, 9].

The equations of ideal Magneto-hydrodynamics provide an important example of ill-posedness in
Sobolev spaces H™, see [18]. Application to MHD of H!™ spaces may be found in [43, 28, 35]. Ap-
plications to general relativity are in [11, 39], see also [25]. An extension to nonhomogeneous strictly
dissipative boundary conditions has been considered in [5, 36]. For problems with a nonuniformly char-
acteristic boundary we refer to [17, 23, 32, 33].

There are important characteristic problems of physical interest where boundary conditions are not
maximally nonnegative. Under the more general Kreiss-Lopatinski condition (KL), the theory has been
developed for problems satisfying the wuniform KL condition with uniformly characteristic boundaries
(when the boundary matrix has constant rank in a neighborhood of the boundary), see [16, 4] and
references therein.

However, these assumptions seem to be too restrictive for many problems of physics. For example, in
case of vortex-sheets for compressible Euler equations the KL condition holds only in weak form [8, 9].
For current-vortex sheets in ideal MHD, there also holds a weak KL condition and the free boundary is
characteristic, but not uniformly characteristic [41].

We think that it can be convenient to distinguish between the L? existence theory of weak solutions,
and the regularity theory. In the present paper we are interested in the latter question. We assume the
existence of the strong L? solution satisfying a suitable energy estimate, without assuming any structural
assumption sufficient for existence, such as the fact that the boundary conditions are maximally dissipative
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or satisfy the Kreiss-Lopatinski condition. We show that this is enough in order to get the regularity
of solutions, in the natural framework of weighted anisotropic Sobolev spaces H}*, provided the data
are sufficiently smooth. Obviously, the present results contain in particular what has been previously
obtained for maximally nonnegative boundary conditions.

For a given integer n > 2, let 2 be an open bounded subset of R", lying locally on one side of its
smooth connected boundary 9. For T' > 0 we set Qr = Qx]0,T[ and X7 = 9Qx]0,T[. For T = +oo we
set Qoo = N2x]0, +00[ and 3o, = INX]0, +00[. We are interested in the following initial-boundary value
problem (shortly written IBVP)

Lu=F, in Qr (1)
Mu =G, on Xy (2)
u|t:0 = fa in Q7 (3)

where L is a first order linear partial differential operator
L=0+ Y Ai(x,t)0; + B(x,t), (4)

i=1
0y := % and 0; := %,i: 1,...,n.

The coefficients A;, B, for i = 1,...,n, are real N x N matrix-valued functions, defined on Q.. The

unknown u = u(x,t), and the data F = F(x,t), G = G(x,t), f = f(x) are vector-valued functions with
N components, defined on Q, Y7 and Q respectively. M = M (x,t) is a given real d x N matrix-valued
function; M is supposed to have maximal constant rank d, everywhere on .

Let v(z) = (v1(x), ..., vn(x)) be the unit outward normal to I at a point z; then

n

Ay(x,t) =Y Ai(z, tvi(x)

i=1

is called the boundary matriz. Let P(xz,t) be the orthogonal projection onto the orthogonal complement
of ker A, (x,t), denoted ker A, (z,t)*, defined by

P(x,t) = i/ A=A, (z, 1) rdN,  (2,t) € Bo,
211 C(w,t)
where C'(z,t) is a closed rectifiable Jordan curve with positive orientation in the complex plane, enclosing
all and only all the non-zero eigenvalues of A, (z,t). P(x,t) is the sum of eigenprojections corresponding
to the non-zero eigenvalues of A, (z,t). Given an arbitrary smooth extension on Q.. , denoted by the
same symbol P, then Pu is the so-called noncharacteristic component of u, while (I — P)u is the so-called
characteristic component of w.
We study the problem (1)-(3) under the following assumptions.

(A) L is Friedrichs symmetrizable, namely there exists a matrix Sy, definite positive and symmetric on
Q., and such that the matrices SgA;, for i = 1,...,n, are also symmetric.

(B) The boundary is characteristic with constant rank, namely the boundary matrix A, is singular on
Yoo and 0 < 7 :=rank A, (z,t) < N for all (z,t) € ¥ ; this assumption yields that the number of
negative eigenvalues (counted with multiplicity) of A, is constant on Y.

(C) M = M(x,t) is a d x N matrix-valued function of C*°-class, and d = rank M (z,t) equals the number
of negative eigenvalues of A4, (z,t). Furthermore ker A, (z,t) C ker M (x,t), for all (z,t) € L.

(D) The orthogonal projection P(x,t) onto ker A, (z,t)*, (z,t) € ¥4, is a matrix-valued function of
C>-class on Y,. We denote by the same symbol P(x,t) an arbitrary smooth extension on Q.

(E) Ewmistence of the L? weak solution for non-homogeneous boundary conditions. Assume that Sy, A; €
Lip(Q.,), for i = 1,...,n. For all T > 0 and all matrices B € L°(Qr), there exist constants
7 > 1 and Cy > 0 such that for all F € L*(Qr), G € L?*(Xr), f € L?(Q) the problem (1)-(3),
with data (F,G, f), admits a unique solution u € L*(Qr) such that Pux, € L*(Xr). Furthermore
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u € C([0,T); L?(Q2)), and it satisfies an a priori estimate of the form

T T

6’2”TIIU(T)|I%Z<Q)+7/O e ||u(t)][72 () dt+/0 e |Pujon (1) |72 (a0 dt

1 T _ T B
<G (|f||‘iz<m+7 / e ()| 2oy dt -+ / c W|G<t>|iz<amdt),

forally >yand 0 <7< T.

When an IBVP admits an apriori estimate of type (5), with F = Lu, G = Mu, for all 7 > 0 and
all sufficiently smooth functions u, one says that the IBVP is strongly L? well posed, see e.g. [4].
A necessary condition for (5) is the validity of the uniform Kreiss-Lopatinski condition (UKL). (An
estimate of this form has been obtained by Rauch [21].) On the other hand, (UKL) is not sufficient
for the well-posedness and other structural assumptions have to be taken, see [4].

When dealing with homogeneous boundary conditions, it happens that one can prove the existence
of the L? solution without the direct L? control of the trace of Pu, as in (5). The boundary condition
has to be intended in the H~1'/2 sense. For example, this happens with maximally nonnegative
boundary conditions, which are not strictly dissipative. For this case we may assume a weaker
version of (E), as follows. Observe that (F) is weaker than (E) for G = 0, because it provides no
control on the trace of Pu.

(F) Ewmistence of the solution for homogeneous boundary conditions. Assume that Sy, A; € Lip(Q.,), for
i=1,...,n. For all T > 0 and all matrices B € L>°(Qr), there exist constants 75 > 1 and Cy > 0
such that for all ' € L?(Qr), f € L*(Q) the problem (1)-(3), with data (F,G = 0, f), admits a
unique solution u € C([0,T]; L*(€2)), and it satisfies an a priori estimate of the form

T

Comr _ L [m
e IIU(T)IIQLQ(Q)+7/06 M u()]|Z2 () dt < Co <|f||%z<m+7/0 ez dt>, (6)

forally >yand 0 <7< T.

Finally, we add the following technical assumption that for C*° approximations of (1)-(3) one
still has the existence of L? solutions. This stability property holds true for maximally nonnegative
boundary conditions and for uniform KL conditions.

(G) Given matrices (So, Ai, B) € Cr(HZ) x Cr(H?) x Cr(HZ™?), where o > [(n + 1)/2] + 4, enjoying
properties (A) - (E) (or (A) - (D), (F)), let (Sék), Agk), B®)) be C* matrix-valued functions converg-
ing to (So, A;, B) in Cr(H?) x Cr(HZ) x Cr(HZ™?) as k — oo, and satisfying properties (A) - (D).
Then, for k sufficiently large, property (E) (resp. (F)) holds also for the approximating problems
with coeflicients (S(gk), Agk), B").
Following Rauch [22, Theorem 7], one can prove that, for any u € L?(Qr) with Lu € L?(Qr) the trace
of A,u on Yr exists in H~1/2(S7). In the same way the restrictions of u to Q x {t = 0} and Q x {t = T'}
are well defined elements of H/2(Q)’.
The solution of (1)-(3), considered in statements (E), (F) is intended in the following sense: for all
v € HY(Qr) such that vjs,. € (A, (ker M))* and v(-,T) = 0 in €, there holds:

/T<u,L*v) dmdt:/T<F,v>d:cdt—/ET(AZ,g,wdawdt—&—/Q<f7v(0)>dx,

where L* is the adjoint operator of L and g is a function defined on X7 such that Mg = G.

Remark 1. Boundary condition. For a given boundary matriz M (z,t) satisfying assumption (C), there
exists a matrizc Mo(x,t) such that M(z,t) = Mo(z,t)A,(z,t) for every (z,t) € Xp. Therefore, for
L2solutions of (1) one has

Mu=G onXr <= MyAus, =G onXr. (7)
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In order to study the regularity of solutions to the IBVP (1)-(3), we need to impose some compatibility
conditions on the data F', G, f. The compatibility conditions are defined in the usual way, see [24]. Given
the IBVP (1)-(3), we recursively define f(*) by formally taking h — 1 time derivatives of Lu = F, solving
for O'u and evaluating it at t = 0. For h = 0 we set f(©) := f. The compatibility condition of order k > 0
for the IBVP (1)-(3) reads as

P
> ( Y >(8th)t:Of(h) =Gy, ondQ, p=0,....k. (8)

h=0
The aim of the paper is to prove the following theorems. The square brackets | | denote the integer part.

Theorem 2. Letm € N and s = max{m, [(n+1)/2]+5}. Assume that So, A;,€ Cp(H), forj=1,...,n,
and B € Cr(H:™Y) (or B € Cr(H?) if m = s). Assume also that problem (1)-(3) obeys the assumptions
(A)-(E), (G). Then for all F € H™(Qr), G € H™(S7), f € H™Q), with fP e H™ Q) for
h=1,...,m, satisfying the compatibility condition (8) of order m — 1, the unique solution u to (1)—(3),
with data (F,G, f), belongs to Cr(H}") and Pu)x, € H™(Xr). Moreover u satisfies the a priori estimate

luller () + [1Puyspllmm 20y < Con (W llmos + 1 Fll @0y + 1Gllm(50)) » (9)

with a constant C,, > 0 depending only on A;, B.

The next theorem covers the case when assumption (F) substitutes (E). Here we loose the control at
the boundary of Pu, see however Remark 4.

Theorem 3. Letm € N and s = max{m, [(n+1)/2]+5}. Assume that Sy, A;,€ Cp(H), forj=1,...,n,
and B € Cr(H:™Y) (or B € Cr(H?) if m = s). Assume also that problem (1)-(3) obeys the assumptions
(A)-(D), (F), (G); then for all F € H™Q7), f € H™Q), with f* ¢ H™"(Q), for h = 1,...,m,
satisfying the compatibility condition (8) of order m — 1 (with G = 0), the unique solution u to (1)—(3),
with data (F,G =0, f), belongs to Cr(H). Moreover u satisfies the a priori estimate

ullex(zmy < Cr (I f s + N om(@r)) - (10)
with a constant C}, > 0 depending only on A;, B.

For the function spaces involved in the statements above, and the norms appearing in (9), (10), we refer
to the next Section 2.

Remark 4. In case of homogeneous boundary conditions, when assumption (E) is substituted by (F),
we get no direct information about the trace of the solution at the boundary. If u € Cp(H™), m > 1, the
imbedding theorem H*(Q) — H™1(9Q) (see [19]) allows to obtain Pus, € H™ ' (Sr). However, one
can see that actually any solution uw € Cr(H™) has some extra regularity. In fact, one can prove that
Pu e Cpr(H), see [29, Theorem 4.2].

Because of the imbedding HI(Q) < H™ 1/2(0Q) (see [29, 38]), and the property Mu = M Pu (follow-
ing from assumption (C)), we may infer Pu s, € Cr(H™ Y2(0Q)). This shows that, under the weaker
assumption (F), the trace of the noncharacteristic component of u has a loss of half derivative at the
boundary, w.r.t. the stronger case of assumption (E) (Theorem 2).

On the other hand, in both cases (either nonhomogeneous with (E) or homogeneous with (F)) there is
no control at the boundary of the characteristic component (I —P)u. Thus we can only have (I —P)uys, €
Cr(H™1(09Q)) by the first imbedding theorem above, with the loss of one derivative.

The paper is organized as follows. In Section 2 we introduce the function spaces and some notations.
In Section 3 we give some technical results useful for the proof of the tangential regularity, discussed in
Section 4. Sections 5 and 6 contain the proof of the normal regularity for m = 1 and m > 2, respectively.
Many technical results are given in the Appendices. In particular, Appendix B contains new results about
spaces H[", which improve older results in the literature.
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2. FUNCTION SPACES

For every integer m > 1, we denote by H™(Q)), H™(Q) the usual Sobolev spaces of order m on
and Qr respectively.
In order to define the anisotropic Sobolev spaces to be used in the sequel, first we need to introduce the
differential operators in tangential direction. Let us denote

R% = {z = (z1,2), 21 >0, 2’ := (v2,...,3,) € R" '}
Throughout the paper, for every j = 1,2,...,n the differential operator Z; is defined by
Zy=2101, Zj:=0;, forj=2,...,n.

Then, for every multi-index a = (s, ..., ay) € N, the tangential (or conormal) differential operator Z¢
is defined by setting
7% = 29 g

n

(we also write, with the standard multi-index notation, 9% = 97" ...9%").

Given an integer m > 1, we introduce the Sobolev space H{}, () in the following way. Let us take a

covering {U; }320 of €1 as follows: first we cover 0f2 by coordinate patches Uj, j = 1,...,[, with coordinate
systems

Xj Ujﬂ§—>{x1 >0, |$‘ < 1},
such that x,;(U; N0Q) = {z1 =0, |z| < 1}. Next we cover Q\ Ué':1 U; by Uy CC 2. Choose a partition

of unity {¢; }§'=0 subordinate to the covering {U; }ézo- Then one says that a distribution u belongs to

Hip () if and only if you € H™(R") and ¢;u € Hjy, (R ), in local coordinates in Uj, for all j = 1,...,1,
where
Hm

tan

(RY) == {w e L*(R}) : Zw € L*(R}), |a| <m}.
The tangential Sobolev space H}”, () is equipped with the norm

tan

I
@ = 1Yot Frmgny + Z [ ull3m

H“”%{ggn mL (R (11)
j=1
where
||w||§1trgn(m) =2 ||Zaw||2L2(1R¢)'

la|<m

Note that the definition of Hj, (€2) does not depend on the choice of U;, x;,%;, and that the norms
arising from different choices of Uj, x;,1; are equivalent. The same space is sometimes called conormal
Sobolev space w.r.t. OR’ and denoted H™ (R’ ; OR" ), see e.g. [17].

Keeping the same notations used just above, for every positive integer m the Sobolev anisotropic space
H7"(Q) is defined to be the set of distributions u in Q such that ¢You € H™(R™) and ¢;u € H*(R"), in

local coordinates in Uy, for all j =1,...,[, where
HMRY) :={we L*(R}) :  Z°0fw e L*(RY), |a| + 2k <m}.
H™(Q) is equipped with the norm
l

|‘UH§—I;’1(Q) = HwOUH?{m(R") + Z H%UH%{?(R@ ; (12)
=1
where
||w||12r{;n(m) =) HZO‘@wa%z(M).
la|4+2k<m

We also define the Sobolev anisotropic space HL(Q2) as the set of distributions w in  such that ¢ou €
H™(R"™) and +;u € HL(R"), in local coordinates in Uy, for all j = 1,...,1, where

H(RY) :=={w € L*(R}) :  Z°OFw € L*(R%), |a| +2k <m +1, |a] < m}.
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HT(Q) is equipped with the norm

!
||UHH7"(Q) = HwOUHHm(R") + Z |1,

7j=1

(]R ) (13)

where
Wl gy = > 1205 wl[72 @) -
la|+2k<m+1, [a|<m
The spaces Hj7,, (), H*(2), H'(€2), endowed with their norms (11), (12), (13) respectively, are Hilbert
spaces. C*(€) is dense in each of them. For an extensive study of the anisotropic spaces H™(£2) and
H (), we refer the reader to [19, 20, 29, 34, 38]. We observe that

H™(Q) — H(Q) — H™(Q) — H?.(Q) C H.(Q), HM(Q) — HImTD/2(Q),

tan

HMQ) — HP(Q), HL(Q) = H(Q), HI(Q)=Hi(9) (14)

(except for H™ (Q) all imbeddings are continuous). For the sake of convenience we also set H?, () =
HY(Q) = H) (Q) = L*(Q). In a similar way we define the anisotropic spaces H[", (Qr), H™(Qr),

tan
equipped with their natural norms.

Let C7([0,7T]; X) denote the space of all X-valued j-times continuously differentiable functions of ¢, for
€ [0,7]. We denote by W7>°(0,T; X) the space of essentially bounded functions, together with the
derivatives up to order j on [0,T], with values in X. We define the spaces

Cr(H) := (20, T H (), LF(HD) == (\W>(0,T; HI* (),
=0 j=0

with norm
m

ullgy zmy = ullZs (rmy = sup [0 u(t)|[3m-i gy -

The space Cr(H?) is defined in a similar way. For the initial data we set
11,0 - Z 1N

3. PRELIMINARIES

In this section, we prove the tangential regularity in space-time of the weak solution. Throughout
this section, the time t is allowed to span the whole real line; therefore, setting z,11 = t, we have
Now & = (T1,...,Tn, Tpt1) € R :=R? x R. Following Nishitani and Takayama [17] we introduce an
operator f sending u € L2(R*") to u* € L2(R"*!) and a "tangential” mollifier .J. so that (J.u)* = y.*u,
where . is the classical mollifier in R**!. Using J. we follow the same lines in Tartakoff [40], Nishitani
and Takayama [17] to get regularity of weak solution w.

Let us introduce the maps § : L2 (R} ") — L2(R"*1) and §: L>°(R}T!) — L°(R™1) by

wh(z) = w(e®™, z')e™ /2, d(x) = a(e®™, '), (15)

Both are norm preserving bijections and it is easy to see that
(aw)* = afw®
Bj(au) = (Zja)h, j=1,...,n+1,

1
O () = (Zyw)* + Sut,
9;(wh) = (Zjw)*, j=2,....,n+1.
It can be also proved that the map

§: Hip (RYT) — HE(R™) (20)
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is a topological isomorphism.
We consider the following family of norms
ol s = 0 s = [ 1P 082k, (21)

for 0 < § < 1, with (£)2 := 14 |¢|2. Here (w*)" (&) denotes the Fourier transform of w*(x) with respect to
. Note that this norm is equivalent to ||wl| &) for each fixed §, 0 < 6 < 1. When ¢ =1 we write

ullsztsgan = Nl g gan

Moreover, the following characterization of the tangential Sobolev spaces Hf,, (R*") can be proved
(ct.[17)).

Lemma 5. v € HF

tan

1y . . k— 1 ,
(R if and only if uw € H MR and the norm ||uHRi+l,kfl,tan,5 remains

bounded when § | 0. In this case, we have

||U|\Ri+1’k71’mn’6 Tl B kgans 08 510.

3.1. Tangential mollifiers. Following Nishitani and Takayama [17] we introduce suitable mollifiers,
well suited to the tangential Sobolev spaces.

Let x be a function in C§°(R™*1). For all 0 < ¢ < 1 set x.(y) := e~ "+tx(y/e). We define J, :
LR — LAHRY) by

Jow() = / wlme =) )y, (22)
Rn 1

which differs from the one introduced in Rauch [22] by the factor e=¥1/2. Using (15), the following identity
can be easily proven

(sz)ﬁ(x) = Xe* wﬁ(x) (23)
for all w € L2(R?*") and 0 < ¢ < 1. A combination of (20), (23) and the known properties of the
convolution by y. then gives

HC>O . ‘|J5w||L2(Ri+1) S CHwHLQ(R1+1)7 V<€>O, (24)
VE>1 3C>0: Ywe L2RYY), Jow € HE, (R} with
(25)
||ng|‘Htkan(Ri+l) é ?||w||L2(Ri+l), V&Z > O.
Moreover, we have that
Zj,J:]=0, j=1,...,n+1. (26)
Pulling back w by # and applying Theorem 2.4.1 in Hérmander [13] to w!, we get
Proposition 6. Assume that the function x € C§°(R"*1) satisfies
) = O0(gP) as€—0, for somepeN; (27)
X&) =0, foralteR, implies&=0. (28)
Then for k € N with k < p, there exists Co = Co(x, k) > 0 such that
CO_leHHQ{iJrl,kfl,tan,é
-1
1 _ 2
S fo ||sz‘|iQ(RZ+l)€ 2k (1 + 27) % + Hw”]}é:frl,kfl,tun (29)
< Collwl[3

]Ri+17k—1,tan,67

forall0 <6 <1 andw e HE! (R, Moreover, the second inequality in (29) remains true also if only
(27) is satisfied.

Combining the characterization of tangential Sobolev spaces given by Lemma 5 and Proposition 6, we

get the following characterization of Sobolev spaces Htkan(]RT_f_H) by means of J., which will be used later.
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Proposition 7. Assume that x € Cg°(RT1") satisfies assumptions (27), (28). Then for all k € N with
k < p, we have that u € HE,, (R if and only if

a. u € Hp LR,

tan

1
b. fo |JEUHL2(R1*1) g2k (1 + ) % is uniformly bounded for 0 < § < 1.

3.2. Estimate of commutators. The next lemma shows that part of the commutators [L, J;], that will
appear in the forthcoming analysis of Section 4, can be written as a sum of integral operators. We will
denote by Cg) (RT™) the resctriction onto R of functions in C§°(R™1).

Lemma 8. Assume that x € Cg°(R"™). Ifu € L2(RT) and if a(z) € o) (R, then ([a, J]u)? can
be written in the form

/Rn+1 b(z,y) - yuf(z —y)xe(y)dy. a0
Forj=1,--- ,n+1, ([aZ;, JJu)t can be written as a sum of terms of the form
/Rn+1 bz, y)uf(x — y)xe(y)dy, (31)
and 1
- /Rn+1 b(z,y) - yu(z — y)(9;x)-(v)dy. )

Here b(x,y) € B>®(R"1 xR"*1), the set of all smooth functions on R" Tt x R"*1 with bounded derivatives
of all orders.

Proof. Step 1: Let us consider ([a, J.]u)?. By definition we get
([a, JoJu)? = a*(uf * xo) — (a*u?) x xo = /R B 0" (z) — a*(z — y)]uf (z — y)xe(y)dy.
We notice that we can write

at(z) —at(w —y) = [y S0 8 (@ — (1 — t)y)yadt = S0 b, )y, (33)

with b;(z,y) € B> (R x R”H), which gives (30).
Step 2: Let us consider ([aZ;, JJu)?, j =1, ,n + 1. By definition and (26) we can write

([aZ;, Ju)t = (aZjJeu — J.(aZjw))* = (aJ.Zju — JeaZu)* = ([a, J.) Z;u)* .
For j > 2, noting that (Zu)f(z —y) = —aiuﬂ(z —y), we can write
([a, J] Z; u fRn+1 - ah(x - y)](Zju)ﬁ(x —y)xe(y)dy

=~ Jpnialaf(z) — af(z — y)]a%(uﬁ(x —y))x=(y)dy
=~ Juner 50 (@¥(z = y))ut(z — y)xe(y)dy

1 fnnala(@) — ¥z — iz =) (52) w)dy.

The first integral in the above equality is just of the form (31). For the second one, writing a®(2) —a%(z—)
by (33) immediately gives a sum of terms of type (32). For j = 1 we recall that (Z;u)* = du® — Lub.
Hence, integrating by parts, we get

(021, JJu)f = = fyuin [05(2) = 0¥z — )] [ (@ = y) + Sud(a — y)] xe(w)dy
= Janir 3o (a8 (@ = 9))ut (2 = y)x(W)dy = § fanir[0* (@) — a*(z — y)]ut(z — y)xe(y)dy

1 fra [0(a) = 0@ = )z — ) ($)_(w)dy.
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The first two integrals in the above equality are just of the form (31). For the third one the same argument
used in Step I shows that it has the form (32). O

The following Lemma is due to Nishitani and Takayama [17, Lemma 9.2].

Lemma 9. Assume that x € C§°(R" 1) satisfies (27), and let a(z,y) € B>®(R" 1 xR"*1). For o € Nnt!
and k > 1 there is a constant C' = C(x, k,a,a) > 0 with the following property: if u € HE ! (]Rf'l) and
if we set

V) = [ alw)vile =)y xe)dy

then for all 0 < § <1 we have

CH“”DQ%TU@—LWL,(; if |o =0,
2\ 1 de ‘
fol HUaH%z(RnH)E—% (1 + gﬁ) = < CHu”?{fa]‘a‘(RiH) if 1< |a| <k, (35)

Following the proof of Lemma 9 given in [17], we notice that the second inequality in (35) follows from
the sharper one

—1
2 .
S U] 2 gz 2 (1 n i) = < Oul| if1< |a| < k. (36)

2
Ri+1,kf|a\71,tan,6

Hereafter we will also use this sharper inequality (36).
By Lemma 8 and Lemma 9 we can easily derive the following result.

Lemma 10. Assume that x € C§°(R™) satisfies (27) and let a € C’E’g)(RT’l). Assume that u €

Hk_l(R:L_H), k > 1. Then there exists a constant C > 0 such that for all 0 < § < 1 the following hold

tan
! 2 2k 82\ " de 2
[ Sl gy (14 5)E <l s

and, forj=1,--- ,n+1,
1 2\ —1
0 de
2 —2k 2
25 23y (145 ) < Ol
Proof. By Lemma 8 we know that
lla, JeJul s gnssy = 1([as Telu)¥ll gy = 1Tl ognsn

where U, is a function as in Lemma 9, with |«| = 1. Hence we get the first estimate by applying (36).
Now we consider ([aZ;, J.Ju)!. By Lemma 8, for every j = 1,--- ,n + 1, this term can be written as a
sum of terms

n+1 1
Jo Wl = e+ 322 [ et s 050, ()

n+1

The first integral is estimated using Lemma 9 with |a| = 0. For the second one we denote

n+1

1
V) =31 [ b= o @), (i
i=1 "
Then, for all 0 < § < 1 we get
—1
1 p— 2 E
S IV IEagnene ™ (14 &) &

n 2 _ 2\ 1
< Sy i B = )3 (90 g iy €204 (14 5)
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Each term in the sum appearing in the right-hand side of the last inequality is of the form

1 2\ —1
o de
2 —2(k+1)
/0 Uellz2@n+1)e ( <1+€2> =

with a suitable function U as the one considered in Lemma 9, with |a| = 1 and 0;x instead of x. We
notice that 0;x still satisfies (27), with p + 1 instead of p. Hence, applying (36) with k + 1 instead of

k, we obtain that the right-hand side of (37) can be bounded by C’||u|\§n+1 b 1tan.s- Collecting all the
T k—1.tan,

previous estimates we derive the second inequality of Lemma 10. O
As a consequence of Proposition 6, from Lemma 10 we derive the following.

Corollary 11. Assume that x € C§°(R" ") satisfies (27), (28), and let a € Co) (R, Then for all

kE>1anduc HE, YR, there exists a constant C' > 0, such that for all 0 < § <1

tan

1
1 —
i i Tl g e (1458
1 —
SC<f0|Jgu|i2(Mﬂ)g ez (14 22)” ds+||u|§iﬂ7k_2m),

and, forj=1,...,n+1,
-1

()

€

Jo WiaZs, ToJull2 g

< C (f() HJ UHLz ]R"+1 2k (]‘ + 27) % + ||u|ﬂ2§i+l,k—1,tan> ’

3.3. Estimate of boundary terms. For the sequel, it is convenient to assume for x the following
explicit form

X(y) = (=2)%6(y), (38)

with a given function ¢ € C§°(R"T1) satifying a 0) fR” +1 ¢(y)dy # 0; for simplicity, assume also that
p is even. It follows that y € C§°(R™T1) verifies (27), (28). Assume also that supp ¢ C {z,+1 > 0}, so
that also

supp x C {zp+1 > 0}. (39)
Given this function x, for 0 < € < 1, we define x. by formula

/
Xe(y') = /Re U2 (y1, Y )dyr = —/ —evi/2 (yl, )dyl, y €R". (40)

Let us emphasize that the functions Y. cannot be written as

~ 1 (v
/fi —_—
xs(y)gnx<5>,

for some X € C°(R™), because of the factor e~ 2 appearing in the integral (40). Hence Theorem 2.4.1
in [13] cannot be directly applied. However, the proof of this theorem can be adapted to obtain the
following

Proposition 12. Let x be a function in C§°(R"*1) satisfying all the preceding assumptions. Then for
every 0 < k < p, there exists a positive constant C = C(x, k,p) > 0 such that for all uw € H*~1(R") the
estimates

_1HUH]12§",1~3—1,6

' =2 2k 0%\ " de 2
< [l el (14 %) Z ol (a)
< Cl|ul ]%R",k—l,&v

hold for all 0 < 6 < 1.

The proof of Proposition 12 is postponed to Appendix A.
We recall the following result.
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Lemma 13. u € H*(R") if and only if u € H*"1(R™) and the norm ||u|
0 1 0. In this case, we have

Rn k—1,5 Temains bounded when

ullgn k1.6 T llullen e, asé 0.
The following characterization of Sobolev spaces in R™ follows from Proposition 12 and Lemma 13.

Proposition 14. Assume that x € C§°(R"™1) obeys the assumptions of Proposition 12. Then for all
real 0 < k < p, we have that w € H*(R™) if and only if

a. u € HF-L(R");
—1
b. fol [Jw * %5||2L2(Rn)672k (1 + g—j) % are bounded uniformly for 0 < § < 1.

4. THE HOMOGENEOUS IBVP. TANGENTIAL REGULARITY

We introduce the new unknown u.(z,t) := e "*u(z,t) and the new data F, := e "'F(z,t), G, =
e "G(z,t). Then problem (1)-(3) becomes equivalent to

Ly, =F,, inQr,
Mu, =G,, onZXp (42)
Uyi=0 = [, inQ,
with
Ly:=~v+L.
In this section we concentrate on the study of the tangential regularity of the solution to the IBVP (42),

where the initial datum f is identically zero and the data F, and G, satisfy the compatibility conditions
in a more restrictive form than (8). More precisely, we concentrate on the homogeneous IBVP

Lo, =F,, inQr,
Mu,=G,, onXrp, (43)
'Uuy‘t:ozo, an

We remark that here and in the following the word homogeneous is referred by convention to the initial
datum f and not to the boundary datum G, contrary to the terminology used in Section 1.
For a given integer m > 1, we assume that F, and G, satisfy the following conditions

O F,m0=0, 0'G4==0, h=0,....m—1. (44)

It is worth to notice that conditions (44) imply the compatibility conditions (8), in the case f = 0. We
prove the following theorem for smooth coefficients. The general case with coefficients of finite regularity
will be treated later on by a density argument.

Theorem 15. Assume that A;, B, fori = 1,...,n, are in C*(Q,,), and that problem (43) satisfies
assumptions (A)—~(E); then for all T > 0 and m € N there exist constants Cn, > 0 and ~y,, with
Ym = Ym—1, such that for all v > ~y,, for all Fy, € HJ, (Qr) and all G, € H™(Xr) satisfying (44) the
unique solution u. to (43) belongs to H}., (Q1), the trace of Pu, on X belongs to H™(Xr) and the a
priort estimate

s g

tan

1
) 1P iy < O (SIF iy 0 + 16 i) (45)

is fulfilled.

The first step to prove Theorem 15 is reducing the original problem (43) to a “stationary” boundary
value problem where the time is allowed to span the whole real line and is treated, consequently, as an
additional tangential variable. To make this reduction, we are going to extend the data F,, G, and the
unknown u,, of (43) to all positive and negative times, by following methods similar to those of [4, Ch.9].
In the sequel, for the sake of simplicity, we remove the subscript v from the unknown u, and the data
F,, G,.

Because of conditions (44), we extend F, G through | — 00, 0], by setting them equal to zero for all
negative times; then for ¢ > T we extend them by “reflection”, following Lions-Magenes [14, Theorem
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2.2]. The extended F' and G vanish for all ¢ > T sufficiently large. Let us denote by F and G the resulting
extensions of F and G respectively; by construction, F € H™ (€ x R) and G € H™(9Q x R).
As we did for the data, the solution u to (43) is extended to all negative times, by setting it equal to zero.
To extend w also for times ¢ > T', we use assumption (E). More precisely, for every T’ > T we consider
the problem
Lyu= Fj [, inQr,
Mu = é\]O,T’[ , on ZT’ s (46)
U|t:0 = O, n Q .
By assumption (E), (46) admits a unique solution ug € C([0, T'}; L*()), such that Pur: s, € L*(37v)
and the energy estimate

lur (T[72 0y + Mur 7200, + [1Pur 15,1225,
1. : (47)
<’ <,Y||FI]O,T’[|%2(QT/) +1Gpor (25,

is satisfied for all v > +' and some constants 4 > 1 and C’ > 0 depending only on 7" (and the
norms || A Lip(@,0), IBllL=(@,.))- From the uniqueness of the L? solution, we infer that for arbitrary
T" > T > T we have upr = up (ur := u) over |0, T'[; therefore, we may prolonge u beyond T, by
setting it equal to the unique solution of (46) over |0, T"[ for all 77 > T'. Thus we define

! /
(1) = {uT/(t), vt €lo, '], VT’ > T,

48
0, Vt<O. (48)

By construction, we have that @ solves the boundary-value problem (BVP)

Lu=F, inQ@,

Muzé, on X, (49)
where, hereafter, we will make use of the notations @ := Q x R; and ¥ := 9Q x Ry. In (49), the time
t is involved with the same role of the tangential space variables, as it spans the whole real line R.
Since 1, a , G are all identically zero for negative times, we can take arbitrary smooth extensions of the
coefficients of the differential operator L and the boundary operator M (which are originally defined on
Qo and Yo, ) on @ and X respectively, with the only care to preserve rank A, (x,t) = r, rank M(x,t) =d
and ker A, (z,t) C ker M(x,t), for all t < 0. Let us fix such extensions once and for all; they will be
still denoted by Sy, A;, B, M. Therefore, (49) is now a stationary problem posed in @, with data
F e H" (Q), G € H"(X). Using the estimate (47), which holds for all 7" > T, and noticing that I, G
vanish identically for large ¢ > 0 (the same being true for @, due to the finite speed of propagation), we
derive that @ enjoys the following estimate

o o (1 - o
il 2 0y + 1Pl slagsy < & (WHFH;(Q) n ||G|%2(g>) , (50)

for all v > ¥, and suitable constants ¥ > 1, C>0.

The proof of Theorem 15 will be derived as a consequence of the tangential regularity of the BVP (49).
Thus we concentrate from now on this problem.

In the sequel, for the sake of simplicity, we remove the superscript from the unknown % and the data
F, G of (49). For the sake of convenience, let us also set N (z,t) := ker A, (x,t), M(z,t) := kerM (x,t).
By assumption (C) we have N (z,t) C M(z,t) for (z,t) € X (and also for all negative times). Recall
that d = N — dim M = rank M is equal to the number of negative eigenvalues of A, and r = rank A, =
N —dimN; then d < r < N.

The next step is to move from the BVP (49) to a similar BVP posed in the (n 4 1)—dimensional positive
half-space R/ := {(z1,2/,t) : 21 >0, (2/,t) € R"}. In order to make the wanted reduction in a proper
way, we first need some technical lemmata.

Lemma 16. Assume (A)-(D). For each T € 9Q there exists a neighborhood U of T in R™ and an N X N
unitary matriz-valued function T(z,t) € C®((U N Q) x R) such that, for all (x,t) € (U N ON) x R,
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u € M(x,t) is equivalent to T(x,t)u € M = {w € RN :w; = --- = wy = 0},and u € N (x,t) is equivalent
to T(x,tyu e N = {w e RN 1wy = --- = w, = 0}.

Proof. See [37, Lemma 1]. Here the assumption (C), M € C, is used in order to find a local smoothly
varying orthonormal basis of M(z,t)* C N(z,t)t. The assumption (D), P € C*, is used in order to
complete this basis and find a smoothly varying orthonormal basis of N(x,t)*; it is used also in order to
find a smooth orthonormal basis of N'(x,t). Thus one has a locally defined smooth orthonormal basis of
RY which is used for the construction of the unitary matrix 7'(z,t). O

Lemma 17. Assume (A)-(D). For each T € 02, let T|(x,t) be the unitary matriz defined in UNQ) x R,
by Lemma 16. Let us define the matriz A, (x,t) := T(x,t)So(z,t)A, (z,t)T(z,t)*, (z,t) € (UNQ) x R.
Then A, is symmetric and may be written in the following block form

LI LI

A A

~ —_

Ay (z,t) = , (z,t) e UNQ) xR, (51)
AT R
1 1

where 2{’111{’[], A\{I’IE{I’H are respectively r xr, r X (N —r), (N—r)xr, (N —r)x (N —r) sub-matrices.
Moreover, ALY (x,t) is invertible on (U NQ) x R and we have

AL —o, AT —o, AT —0, in (UNON) xR. (52)
Proof. See [29, Lemma 3.2]. O
Correspondingly we will decompose u as v = (u!,u’). After the change of dependent variables

associated to the unitary matrix T'(z,t) we have Pu = (uf,0).

To make the announced reduction into a problem in R’frl, we follow a standard localization procedure
of the problem (49) near the boundary of the spatial domain Q. We take a covering {U; }é':o of Q and
a partition of unity {i; }é-:o subordinate to this covering, as in Section 2. We assume that each patch
Uj,j=1,...,1, is so small that one can find the unitary matrix T}(z,t) there defined, as above. Let us
even set Ty := I,,.

Given the solution u to (49), for each j = 0,...,l we denote v/ (z,t) := Tj(x, t)¢;(x)u(z,t). For each

j=1,...,1, in local coordinates as in Section 2, u’ solves in the half-space RT‘l a BVP of the form
(YA} + LI/ = FJ + KJu, in RTH!, (53)
Mu? = GI, on R™ |
with
L= A(x, )0, + 0, Al(2,0)0; + BI(x,t), M :=(I4,0). (54)
Here we have denoted
Ay =TySoT;, Al = TjSo AT},
B’ = T;S0BT} + T;S00, Ty + Y T;SoArdkTy, (55)

k
K7 =Y TiSoAditsj,  F =Ty SoF, @ = 4;G.
k

The boundary matrix —A?J has the block form as in (51), (52).

Note that the solution u’ to (53), as well as the right-hand side F7 + KJu are compactly supported on
{z1 >0, |z| <1} x [0, +oo[, whereas the boundary data G7’s are compactly supported on {x1 =0, |z| <
1} x [0, +oo[. After multiplicating by a suitable cut-off function, we may assume that A{, Bi i=0,...,n,
have compact support as well, namely that Af , B are in C’E’S’) (Riﬂ), as required by Lemmata 8-10.

As a next step we will prove that we can attach to the problem (53) a local counterpart of the global
estimate (50) associated to the stationary problem (49). More precisely, one can prove the following
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Lemma 18. For all j = 1,...,1, let L’ be the local differential operator (54), written in a system
of local coordinates mapping U; N Q onto the unit half ball B := {1 > 0, |z| < 1} (and U; N 9N
onto D := {z1 = 0, |z| < 1}). Then there exist constants C; > 0 and v; > 1 such that for all
¢ € L*(B x [0,+00[) such that L¢ € L*(B x [0,+oc[) and v > v; one has

MR e, + ety olEan) < CHE N + D)l + 1M ppas ol aary) - (56)

1

;H

Proof. By density, we reduce to prove the estimate above only for ¢ € C(C’Oo) (B x [0, 400[). We follow here

the same lines of [6]. For each j, let T; be the unitary matrix of Lemma 16; let us denote
x;:U;NQ—B,

the local change of coordinates associated to the coordinate patch Uj, such that x;(U; N 0Q) = D.

Agreeing with the notations used in [6], we set

— -1 Ho
XjxVi=VOoX,; , X;W=wWOoXj,

whenever v and w are functions defined respectively on U; N Q and B. According to the conventions
before, in local coordinates x; the problem (53) reads as

X (VA + L)X (g wt?) = x5 F7 + x5 K u, in REF

X ) 57
My = x;+G7, on R™. (57)
Using (55) and that T} is a unitary matrix, we compute that
So 'T; (vAy + I7) = LT, (58)
on (U; N Q) x R. For all ¢ € CF (B x [0, +00[) we get
Ml Za gy + 10fe,zollZ2 )y < C (’yl\x;fwlliz@ + ||x;fs0fz|\%z(z>) (59)
= C; (T35l + 1PT @)y ) -
Then, applying estimate (50) with 7}"x¢ instead of @ and using (58), we get
% % % % 1 % % K. %
NI xGelliaq) + PTG o) sllie) < CO(;HLW(TJ- ;o2 + IMT X el Te(s))
1 — * j i\ % Y
= Co(= IS5 " T (YAY + L))l 72 () + 1M X ol Zexy)
< Co(=II1T; (A + L)X elli2 (o) + IMXG @iz s)) (60)

= Co(=|l(vA} + LYol 22 + IIMXGeislliecs)
< G+ + Il gy + Wil ey

We observe that the first term in the last row of (60) is the first term of the right-hand side of (56)
written with different notation. From (59), (60) we get (56). O

In the sequel, for the sake of simplicity, we will remove all the indices and write v instead of u/, F
instead of F7 + K7u, and so on. From now on M = (I, 0). Moreover it will be convenient to recover
the notations @, 41 :=t and = := (1,2, Tp41).

For ¢ €]0,1[, let us introduce the mollified solution J.v. Then J.v clearly satisfies the following
equation

(vAo + L)Jov = J.F + [yAo + L, J.|Jv, in R1+1 , (61)
As regards the boundary conditions we have the following lemmata.

Lemma 19. Let v be a function in L*(R'}™) such that Lv € L*(R"™); then

JEU‘I{Q:'I:O} = ’UII{$1:O} * 556' (62)
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Proof. Let us denote by C’(lo) (R*") the restriction onto R’ of functions in C*(R™!) with compact

support. In view of [22, Theorems 7 and 8], there exists a sequence {v, },>¢ of functions v, € C(lo) (R
such that

v, — v, in LARYH), (63)
Lv, — Lv, in L* (R}, (64)
Al’Ul, [ {z1=0} — Al’U| {z1=0} » in Hﬁl/Q(Rn) . (65)
From (51) and (52), (65) readily gives
Ul =0y = Um0y > 0 HTV2(RY). (66)

Property (24) of the mollifiers J. and (63) imply
Jov, = Jov, in L2(RTT). (67)
Writing
LJj.v, = J.Lv, + [L, Je]v, ,
and using (24), (64) and the estimate
II[L, Je]UHL?(RT'l) B C(%HUHLZ(MH) + ||LU||L2(R1+1)) (68)

(whose proof follows the same lines of similar calculations made below and is therefore omitted), we
obtain

LJ.v, — LJ.v, in L*(R}T). (69)
By [22, Theorem 1], (67), (69),(51) and (52), we infer
JSUIII ‘ {zl:O} — JEU|I{11:O} 5 n H_1/2(Rn) . (70)

Since v, are smooth functions, by Fubini’s theorem one computes for all v > 0

JEUL{ | {:rl:o}(x/) = fRn+1 le/(O? x' — y/)e_%lXa@l’ y')dyrdy’

— o Rl )0L(0,0" — )y’ = o] ooy * e (@):
Then (62) is obtained by letting ¥ — oo in the identity above and using (70) and
U (=) ¥ Xe = Ul mymy ¥ X 0 HTV2(R™),
which follows from (66) and the known properties of the convolution. 0
Lemma 20. Let v € L2(RT) be a solution to (53). Then
MJ.v =G *Xe, on{zy =0} xR}, . (71)
Proof. Recalling that Pv = (v!,0), from (62) we derive
M Jov| (z,=0y = MPJv|(z,—0y = M(Pv| {z,—0} * Xe)
= MPv| {z,—0} ¥ Xe = MV| {z,=0} ¥ Xe = G * Xc -
U

We continue the proof of Theorem 15.

Observe in particular that supp J.v C B x [0, +oo[ and J.v = 0 for all ¢ > 0 sufficiently large and ¢
small, because of (39). Thus we can apply estimate (56) of Lemma 18, in order to obtain the L? energy
estimate

’YH']EUHiz(RTrl) + ||JEU|I{J;1:0}H%2(R71) <o <$||J6F + [vAo + L, JE}U”i?(Ri“) + |G = %5|i2(Rﬂ)) )
(72)
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for all v > vp. From Lemma 10 we have

fO || AO’ ] ||L2(Rn+1) 72k (1 %) %4»

2k 5 -t de 2 (73)
Sy MBI s inye ™ (14 %) % < Ollolin s
and, for j =2, - ,n,
-1
2
fo || A Z J v||iQ(Rn+l)€_2k (1 + (5372) % < CHUH]?@Jrl’k_Ltan,gv (74)
for all k =1,...,m. As regards the commutator [A,0,, J:]Jv we prove the following lemma.
Lemma 21. Fork =1,...,m, letv € HE HRT) be a solution to (53). Then there exists a constant
C > 0 such that the following estimate
82\ ! de
—2k
/ || Alala }U||L2(Rn+l) <1+ ) ?
(75)
o2k 52 e 201,112 2
<C HJ UHLZ ®2THE 1 + " + ||UHRK+1,k71,mn + ||F||Ri+l,k72,tan,6 )
holds for all 0 < § <1 and for all v large enough.
Proof. Recalling (51), (52), let us decompose A; as
AP0 0o Ayt
Ay = Al + A3 = + . (76)
I, 4 ILIT
0 0 AlLT Al
Since A? vanishes at {z; = 0} we can write it as
A2(x,t) = H(z,t)xy, with H(xy,2',t) = i Oxl 01 A2(y, o', t)dy, (77)
and H € C&?) (R:L_H). This gives A20; = HZ, so that, again from Lemma 10, we have
-1
_ 2
Jo A3, JJol 24 iy 2 (14 52) 2 < Clol s s (78)

forallk=1,...,m

Disregarding the different size of matrices and vectors, we write for the sake of simplicity [A10;, J.]Jv =
[AL 9, J.]v!, where it is understood that the matrix Al is everywhere invertible.

Using properties (16), (23), (26), we can derive

(tat 0, Jeh/)u = A (O1Je0") = (A7 (@10T)F) * X =

= A{’Ihe_””1 (ZlJEvI)n — (A{’Ihe_”“(Zle)u> * Xe =

= AbTg—m (JEZlvl)ﬂ - (A{’Ihe’wl(Zle)ﬁ) * Xe =

= A{’Ihe_”Ijl (Zlvl)u * Xe — (A{’Ihe_”l (Zlvf)ﬁ) * Xe =

= Jpr [APE@)et = AP (@ — e @) | (Zihi (@ — y)x.(y)dy

= Jprr [A{’Ih(x)e_yl — A7 - y)} (G101 (@ — y)x=(y)dy.
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Because of the invertibility of A{’I, from (53) we have (where A,,110,+1 = AoOt)
n+1 I
811}[ — (A{,I)—l (—A{’Ha]'UH + (F — ’)/A()U — ZAz&v — BU) ) .
i=2

Inserting the right-hand side of this equality in (79) gives different terms that we now analyse one by
one. Let us start with

#
= - / A @)e — AP - y)| ((aPD) AT 0" ) (@ = y)x-(v)dy.
Rn+1
Since AT vanishes at {z; = 0}, we can write
—(Arh AP o™ = Hy Zyw,
with Hy € C) (R71) defined as in (77). Then we infer
I = fpeor [AT @) — AL @ —y)| Hi@ = y) (0108 — y) = $0i(z — 1) x=(y)dy,

where we have used (H; Zyv)! = H(9y0f — 3v%). We notice that we can write

(Al @)e — ALE @ — )| Hiw =) = bi(2.9) -,
with by (z,y) € B> (R"1 x R*H1). Integrating by parts yields

Ji = fR1L+1 (%(bl(mﬁ'» : y) - %bl(xa y) ' y) vﬁ(x - y)Xa(y>dy

1 o bi(@,y) -y vi(@ — y)(01x)-(y)dy.

Thus J; can be written as a sum of terms of the form (31) and (32). By applying Lemma 9 and (36), as
in the proof of the second inequality of Lemma 10, we infer

o Mgy (14 5) 7 2 < ClolZyin g s (50)
Let us set
Ty = / A @e - Al )] () E A - B0 ) (@~ w)xe(w)dy.
We notice that we can write
(Al @)e - AL - )] (1)) @~ 9) = ba(e) -

with by (z,y) € B (R x R"*1). Thus J; can be written as a sum of terms of the form (30) in F and
v. By (36) we infer

—1
1 _ 2
Jo 172172 gosny ™ (1+&) =< CUFIR 1 4 s pams + CV N1 4 s s (81)

for v large enough. Finally let us set

n+1

#
Jim =3 [ AR - AP )] () (a00)) (@ =
i=2 /R
Arguing as for (80) we infer

(82)

-1
1 _ 2
fo ||J3||2L2(R1+1)5 ok (1 + (5%) % < C||U| ]?{frl,k—l,tan,é .

Adding estimates (78), (80), (81), (82), and applying Lemma 5 and Proposition 6 eventually gives (75)
for « large enough. O
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From (73), (74), (75) we infer

1 _ 2
Jo 1o + Ly JeJol 2 o2 (14 )

(83)
1 _ 2\ 1
<C (fo H‘]E’UHiz(RiJrl)E 2 (1 + %) % + rYQHUHHQQi*l,k—l,mn + |F|]?§i+1,k—2,tan,6> :
Because G € H™(R"™), from Proposition 12 and Lemma 13 we obtain
—1
G * XelZame™ (14 %) £ < CIGIR ., (84)

for all k=1,...,m. From (72), (83), (84), and Proposition 6, by taking v large enough, we obtain

1 B 2\ 1 - 1 — 2\ ! e
Iy Weol e (14 %) 2 4 fy evf oy e (14 %) %

2
R1+1,k1,tan> ’

+ [[0] (4, 2oy |&n 41 and taking account of

< C (1PN + 16+l

for all K = 1,...,m. Adding to both sides 'y||v||]§n+1 .
T ) ,tan

Proposition 6, Lemma 19 and Proposition 12, yields

Mol s s * 17 rmop B o

(85)
<c (i||F||§;T17,Hm,5 NGB i+ MNRris 5 o+ |vf{x1=0}|ﬁn,“> :
forall k =1,...,m and v large enough. By Lemma 18, v also enjoys the L? energy estimate
Mol sy + 110,y By < Co (i”F“iava ¥ |G||i2<Rn)) 7 (36)

for all 4 > . Using (85) recursively for k = 1,...,m, and taking account of (86) and Lemma 5 gives

WolBes s s + 10l oy oo oo € C (PR es Ly s+ IGR)s (8T)
for all v large enough and for all 0 < 6 < 1. Recovering the original notation of (53), estimate (87) reads

. 'I
||’ ||]?§i+1,m—1,tan,5 + ||u|]{x1=o}||]12§n,m71,5

< CQHIF + Kol 1y s + 116 ) (89

< O s o+ 3 25 10 s+ 1G] )

for all v large enough, for all 0 < § <1 and each j =1,...,1[.
By simpler calculations, an estimate analogous to (88) (without boundary terms) can be derived for
u® = 1hpu, where tangential norms in RT‘I are replaced by usual Sobolev norms in R”*!. Summing over

all 7 =0,...,[ the previous estimates and taking v large enough, we derive

l l
i I
V||uo||]§n+lxm*1a5 T 21 ||U7| I?sz—l,mfl,tan,ﬁ + 21 Huf{flzo}u]%"vm*l’é
J= J= (89)

l ) l .
< O it 3 SN g+ 2 NG B ) = C (P, ) + 116 sy ) -
Jj= Jj=

The above inequality shows that v € H{? (Q) and Pu € H™(X) (cf. Lemma 5 and [13]). Passing to the

tan
limit as ¢ | 0 in (89) gives the apriori estimate

Mlld, @) + 1Pl Sl sy < C(AIF I @)+ 1G] sy ) (90)
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for all v large enough. This concludes the proof of the tangential regularity of the solution u of the BVP
(49).

Recalling that this solution w is the extension of the solution w. of the original IBVP (43), from the
tangential regularity of u we can now derive the tangential regularity of w., namely that u, € H{} (Qr)
and Pu, € H™(Er). To get the energy estimate (45), we observe that extended data F and G are
defined in such a way that

Jralr

tan

@ < ClIB @) 1Gllams) < ClGam (2 »

tan

with positive constant C independent of F,, G, and . Hence, from the energy estimate (90), we infer
’7||u7|‘%]t’;n(QT) + ||PU’Y‘ET||%—I"”(ET) < ’Y||UH%1;3”(Q) + ||PU|2||%{m(z)
< O(31BIy @ + 161 ) < C3IR I, @ + 16 en)

which concludes the proof of Theorem 15.

For the homogeneous IBVP with also homogeneous boundary conditions
Lyuy,=F,, inQr,
Mu, =0, onXrp, (91)
U,\/‘tzozo, inQ,

we have the following weaker version of Theorem 15.

Theorem 22. Assume that A;, B, fori = 1,...,n, are in C*(Q,,), and that problem (91) satisfies
assumptions (A)=(D) and (F); then for all T > 0 and m € N there exist constants C), > 0 and v,,,
with v}, < Vi1, such that for all v > ~.,, and for all F, € H2, (Qr) satisfying 0} F,|—o = 0, for

h=0,...,m—1, the unique solution u~ to (91) belongs to H{,(Qr), and the a priori estimate
usllmg, @r) < CrllFlmz, @r) (92)
is fulfilled.

Proof. The proof follows the same lines of that of Theorem 15, disregarding all the estimates of boundary
terms. g

Given the tangential regularity of the solution w of the homogeneous IBVP, as in Theorem 15 or
Theorem 22, we could also prove its H;"-regularity. This can be done inductively by the following
proposition that we give below without proof. An analogous proposition holds for the homogeneous
problem (91) under assumptions (A)—(D) and (F).

Proposition 23. Assume that problem (43) satisfies assumptions (A)—(E). For every integer m > 2,
assume that F, € H*(Qr) and Gy € H™(X7) satisfy (44). Let u, be the solution of (43) with data F,
G, and v sufficiently large. Given any integer 2 < g < m, assume that

w, € Cp(HEL,) NCr(HI™Y)  with 0, (Puy) € Cp(HI™?).

Then
Uy € CT(Hg) with 81,(Pu7) S CT(Hg_l).

We will not follow this way because it doesn’t seem to be useful in view of the nonhomogeneous IBVP.
In fact, when dealing with the nonhomogeneous IBVP, as in [24] our strategy requires to subtract from
u a regularized function which satisfies at least one more compatibility condition. Unfortunately, we can
do it only for m = 1, starting with functions in H}. Since H! = H},,, we can already cover this case
with the regularity given in Theorem 15, without any need to increase the regularity to H;* with m > 2.

5. THE NONHOMOGENEOUS IBVP. PROOF FOR m =1

For nonhomogeneous IBVP we mean problem (1)-(3) with initial data f different from zero. We
distinguish between the case with nonhomogeneous boundary conditions, G # 0, and the other case with
homogeneous boundary conditions, G = 0.
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5.1. Nonhomogeneous boundary conditions. The main aim of this section is to prove the following
theorem.

Theorem 24. Assume (So, A;, B) € Cr(H?) x Cr(HZ) x Cr(HZ™2), fori=1,...,n, where o > [(n +
1)/2] + 4, and that problem (1)-(3) obeys the assumptions (A)—(E), (G). Then for all F € HX(Qr),
G € H (Xr), f € HX(Q), with fV) € L*(Q), satisfying the compatibility condition Mo fioa = Gi=o,
the unique solution u to (1)~(3), with data (F,G, f), belongs to Cp(H}) and Pu|y, € H'(X7).
Moreover, there exists a constant Cp > 0 such that u satisfies the a priori estimate

uller ) + 1Py sollmr sy < C (I + F a2 @r) + G (2)) - (93)

Notice that Theorem 24 yields Theorem 2 for m = 1.
As a first step of the proof, we approximate the data with regularized functions satisfying one more
compatibility condition.

Lemma 25. Assume that problem (1)-(3) obeys the assumptions (A)—(D). Let F € HY(Qr), G €
HY(Sr), f € HYQ), with f1) € L2(Q), such that M—o fjs0 = Gi=o-

Then there exist Fy € H>(Qr), Gx € H*(37), fr € H3(Q), such that Myi—o fx = Grjt=0, Ot Mo fr +
M|t:0f,£1) = 0;Gyjt=0 on 09, and such that Fy, — F in HYXQr), Gy — G in H (X7), fr — f in HX(),
f,gl) — fW)in L2(Q), as k — +o0.

Proof. For noncharacteristic homogeneous (G = 0) boundary conditions and the statement in standard
Sobolev spaces H™, a similar proposition has been proved in [24, Lemma 3.3]. Then it has been adapted
to characteristic boundaries in [2, 20], again in standard Sobolev spaces H™. In H" spaces it seems that

this can be done only for m = 1, see [29, Lemma 5.1]. The present adaptation to the nonhomogeneous
case (G # 0) follows the same lines of the proof of [29, Lemma 5.1], so we will omit the details. O

Proof of Theorem 24. First we assume that the matrices Sy, A;, B are of C*°-class. Given the functions
Fy, Gy, fr as in Lemma 25, we first calculate through equation Lu = Fy,uj;—o = fi, the initial time

derivatives fk(}) € H% (), ]52) € H(2). Then we take a function wy, € H3(Qr) such that

1 2
Wiit—o = fir  Oetpjmo = fi)s Odwpimo = f10-

Notice that this yields
(Lwg)jt=0 = Frje=0, O¢(Lwi)ji=0 = Ot Fyjt=o- (94)

Now we look for an approximated solution wuy of (1)-(3) with data F, Gy, fx, of the form uy = vy + wy,
where vy, is solution to
L’Uk :Fk—ka, in QT
Muv, =G — Mwyg, on Xp (95)
Vgjt=0 = 0, in €.

Let us denote again L, = v+ L, upy = ¢~ "u, vgy = € v; and so on. Then (95) is equivalent to

Lv”k’y = Fk”/ — Lﬁ,wkw in QT
Muvy = Gy — Mwyy, on Xp (96)
Vkn|t=0 = 0, in Q.

We easily verify that (94) yields

(Fiy — Lywin)ji—o = 0, 0y(Fiy — Lowpn)j1—o = 0,
and M;—o frjoa = Grjt=0, Ot M|t—0frja0 + M\t:Of]iBQ = 0yGj4—o Yyield

(Gry — Mwpy)jt=0 = 0,  0¢(Gry — Mwp)jt=0 = 0.

Thus the sufficient conditions (44) hold for h = 0,1, we may apply Theorem 15 for v large enough, and
find v, € HZ,(Qr), with Puys, € H*(S7). Accordingly we infer uy € HZ,,(Qr) — Cr(H}), with
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Puys, € H*(Sr). Moreover uy, € L*(Qr) solves

Lu =Fy, in Qr
Muk = Gk, on ET (97)
Upjt=0 = fr, in .
Take a covering {U; }é‘zo of  and a partition of unity {v; é’:o subordinate to this covering, as in Section
2. In each patch U;,j = 1,...,1, we find the unitary matrix T;(z,t) of Lemma 17; we also set T := I,,.
For each j = 0,...,1 we denote u),(z,t) := Tj(x,t)Y;(x)ur(x,t) and define similarly F}, Gy, fi. In local
coordinates each uj, solves a problem of the form
L], = F} + K'uy, in R?x]0,T],
Muy, = Gy, on {z1 =0} x R’ x]0, T,
W = 11 in R,
with L7, M as in (54). The boundary matrix —AJ has the block form as in (51), (52) and K is a certain
operator of order 0 (see [29]) that can be absorbed in B’ by considering the compound system of all
7 =0,...,1. After doing that we are lead to consider the problem
gugﬁ = F,g in R?x]0, T,
Muj, =Gy, on {z; =0} x Rl 'x]0, T, (98)
W= f. in BL
We look for the problem solved by Zuy = (Zyug, ..., Zni1uk) € HL, (Qr) = HX(Qr) (where Z,,,1 =
0¢). As already observed by Rauch [22], there exist matrices I'g, I'g, ¥ such that

(L0, Zi) = =Y g Do 2P + Do+ OLI,  i=1,....n+1. (99)

As we will see more in detail in Lemma 41, I'3 looses at most one normal and one tangential derivative
w.r.t. the A;’s (i.e. a weight 3 in H" spaces) and I'g, ¥ loose at most one tangential derivative (weight 1
in H]" spaces). However, for smooth matrices A;, B we do not need to care about that loss of regularity.

For higher order commutators one proves that for each « there exist matrices I'a g, v, ¥a, such
that

[LJ7 Za} = Z\ﬁ|=|o¢\ FOCﬁZﬁ + Z\'y\<\a| FOH’YZ’Y + Z\’y\<\a| \Ila»'YZ’YLJ' (100)

These commutators will be detailed in the proof of Subsection 6.1. .

Again, for the sake of simplicity, we remove the indices j and write M instead of M. Applying the
operators Z; to (98) and taking account of (99), we infer that Zuy solves problem

LZiug + 32511 T3Z%uy, = (Z; + V) Fj, 4+ Toug,  in R%x]0,T7,
M Zyuy, = Z;G, on {z; =0} x R”'x]0,T], (101)
Ziuk‘t:() = Zifk7 in R:L_
Applying the a priori estimate (5) to a difference of solutions ug — up, of problems (97), (101) readily
gives
lur — unller () + 1P (ue = un)isrllmr s

< C (i = fulllis + 1Fx = Fulla:@r) + |Gk — Gullar z0)) -

From Lemma 25 we infer that {uy} is a Cauchy sequence in Cr(H}), and {Puy| 5} is a Cauchy sequence
in H'(Xr). Therefore there exists a function in Cr(H}) which is the limit of {uy}. Passing to the limit in
(97) as k — oo, we see that this function is a solution to (1)-(3). The uniqueness of the L? solution yields
u € Cp(H}) and Puyx, € H'(Sr). Applying the a priori estimate (5) to the solutions uy, of problems
(97), (101), and passing to the limit finally gives (93).

Up to now we have considered matrices Sy, A;, B of C*°-class. Now we wish to solve the problem with
coefficients with finite regularity as in Theorem 2, by a density argument.

Given matrices Sp, Aj, B with the properties prescribed in the statement of Theorem 24, let us take

approximating sequences Sék),A;k),B(k) in C*, such that Sék) — Sy, Aék) — A; in Cp(H?), and
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B®) — Bin Cr(HZ™?), as k — oo, where o > [(n + 1)/2] + 4. We may also assume that S(()k) is definite
positive, and that the new boundary matrix in local coordinates has the same properties as in (51), (52).
This yields operators L(®) converging to L, where assumptions (A)—(D) are still satisfied.

In this context now we prove the following result. To avoid overloading with the introduction of a new
notation, we use the same symbols of Lemma 25.

Lemma 26. There exist Fy, € H*(Qr), Gy, € H3(S7), fr € H3(Q), such that Mi—ofr = Grji=0 on 09,
and such that Fy, — F in H:(Qr), Gx — G in HY(X7), fr. — f in HX(Q), ,gl) — fW in L2(Q), as
k — 400, where now f,gl) is defined by

n
1 k k .
f,E '+ ZAE”)ZO@J% + B‘(t:)()fk = Fyji=o in (2.
i=1
Proof. The proof is quite similar to that of Lemma 25, somehow easier because here we require only one
compatibility condition. For all details we refer again to [29, Lemma 5.1]. O

We consider the problems
L(k)u(k) = Fk, in QT
Mu® =Gy, on Zp
® — f, in Q.

Ur=0
The operator L*) has C* coefficients and the data have the required regularity and enjoy the compat-
ibility condition of order 0. Therefore we may apply the previous step of the proof and find solutions
u®) € Cp(H!). This is the point where we use assumption (G).

Going back again to the estimate (93), we observe that the constant C; depends on the norms of
the So, 4;’s in Lip(Qr), and the norm of B in L>(Q) at the L2-level, and also on the L* norms of
I's, Ty, ¥ at the Hl-level.

Since ,S’(()k)7 A§»k) are uniformly bounded in Cr(H l(n+1)/ 2]Jrg), applying the imbedding Theorem 34 shows
that they are uniformly bounded in C°([0, T]; W1>)NC*([0, T]; L*°), and therefore in Lip(Q). Similarly
one infers that the B(*)’s are uniformly bounded in L (Qr).

Again, since S’ék),Ag-k) are uniformly bounded in CT(H,E(n+1)/2]+4), by Lemma 41 the approximating
(k)

matrices I'y” are uniformly bounded in C([0,7; H l(n+1)/ 2Hl). We may apply the imbedding Theorem 34
and obtain the uniform boundedness in L>°(Qr). Similarly we infer the uniform boundedness in L>(Qr)
of T Wk,

Then the u(®)’s satisfy the apriori estimate (93) with uniformly bounded constants C’fk). Therefore the
sequence {u(®)} is bounded in Cr(H}) with {Pul(];)T} bounded in H*(¥r). Passing to a subsequence we
get a solution u € LF (H}) with Pu|s,, € H'(X7). The uniqueness of the solution yields the convergence
of the whole sequence. The strong continuity in time follows by adapting Majda’s approach [15].

This completes the proof of Theorem 24.

5.2. Homogeneous boundary conditions. In case of homogeneous boundary conditions, when as-
sumption (E) is substituted by (F), we may obtain a result similar to Theorem 24, but with no infor-
mation about the trace of the solution at the boundary, see Remark 4. The proof is similar to that of
Theorem 24 and so we will omit it.

Theorem 27. Assume (So, A;, B) € Cr(H?) x Cp(H?) x Cp(HZ™?), fori=1,...,n, where o > [(n +
1)/2] + 4, and that problem (1)-(3) obeys the assumptions (A)—(D), (F), (G). Then for all F € H}(Qr),
f € HX(Q), with f) € L?(Q), satisfying the compatibility condition Mji—o floo = 0, the unique solution
u to (1)—~(3), with data (F,G =0, f), belongs to Cr(H}). Moreover, there exists a constant C; > 0 such
that u satisfies the a priori estimate

lullerzy < C1 (s + 1 F 1 @n) - (102)
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6. THE NONHOMOGENEOUS IBVP. PROOF FOR m > 2

The proof proceeds by induction. Assume that Theorem 2 holds up to m — 1. Let f € H(),
F € H™(Qr), G € H™(Z7), with f*) € H%(Q), k =1,--- ,m, and assume also that the compatibility
conditions (8) hold up to order m — 1. By the inductive hypothesis there exists a unique solution u of
problem (1)-(3) such that u € Cp(H™™1).

In order to show that w € Cr(H["), we have to increase the regularity of u by order one, that is
by one more tangential derivative and, if m is even, also by one more normal derivative. This can be
done as in [27, 29], with the small change of the elimination of the auxiliary system (introduced in
[27, 29]) as in [5, 31]. At every step we can estimate some derivatives of u through equations where in
the right-hand side we can put other derivatives of u that have already been estimated at previous steps.
The reason why the main idea in [27] works, even though here we do not have maximally nonnegative
boundary conditions, is that for the increase of regularity we consider the system (106) of equations for
purely tangential derivatives of the type of (1)-(3), where we can use the inductive assumption, and other
systems (108), (109) of equations for mixed tangential and normal derivatives where the boundary matrix
vanishes identically, so that no boundary condition is needed and we can apply an energy method, under
the assumption of the symmetrizable system. Without entering in too many details we briefly describe
the different steps of the proof, for the reader’s convenience.

As before, we take a covering {Uj}é-:o of Q and a partition of unity {%‘}é:o subordinate to this
covering. In each patch U;,j = 1,...,l, we find the unitary matrix 7} (x,t) of Lemmata 16 and 17; we
also set Ty := I,. For each j = 0,...,] we denote v/ (x,t) := Tj(z,t)yj(x)u(z,t) and define similarly
FJ G7, f7. In local coordinates each u/ solves a problem of the form

Liw = FJ + Kiu, in R} x]0,T],
M =G, on {z; =0} x R”'x]0,T],
u‘JtZO = f-]’ in RQL_,

with L7, M as in (54). The boundary matrix —A7 has the block form as in (51), (52) and K7« is a certain
operator of order 0 (see [29]) that can be absorbed in B’ by considering the compound system of all
j=0,...,1. After doing that we are lead to consider the problem

Liw = Fi, in R7x]0,T],
Muw/ =GI, on {z; =0} x R}, x]0,T], (103)
uft:O =fJ, in R7.

Again, for the sake of simplicity, we will remove the indices j and write M instead of M. Hereafter we
will denote Z = (Zl, ey Zn+1)7 Zn+1 = 8t.

6.1. Purely tangential regularity. Let us start by considering all the tangential derivatives Z%u,

I
Oru ) . By inverting A{’I in (103)

I we can write d1u! as the
81u

|a] = m — 1. We decompose dju = < 1

sum of tangential derivatives by
o' = AZu+ R (104)

where
n

AZu = (A{’I)_l [(Ans1Znsiu + Z A; Zu) + A{’Haluﬂ},
j=2
R= (A" (Bu—F).
Here and below, everywhere it is needed, we use the fact that, if a matrix A vanishes on {z; = 0}, we

can write Adyu = HZyu, where H is a suitable matrix such that [[H||y:-2q) < ¢[|A]|n: (o) see Lemmata

39 and 40 in the Appendix B; this trick transforms some normal derivatives into tangential derivatives.
We obtain A € Cr(H:™?).
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Applying the operator Z% to (103), with o = (¢/, pny1), & = (a1, , ), and substituting (104)
gives equation (5.3) in [27], that is

n AZ(2
Lz + Y. (ZAwiiZupi+ Y ZAZ)Zu+ Y ZAl( 0( u))

[v|=lal-1 . Jj=2 [v|=lal-1
] — g Qpnt1
—ond ( A 257 B ) (105)
a1 — (e Qn 0
+< E ZA1Z’Y—051A1Z11 1Z22~-'Zn+1r1> ( 61UH ) = F,,
[vI=la|—1

with F,, € HX(Qr), see [27] for its explicit expression. Equation (105) takes the form (L + B)Z%u = F,
with B € Cp(H2~?). Notice that s — 3 > [(n + 1)/2] + 2 as required in Theorem 24.

Then we consider the problem satisfied by the vector of all tangential derivatives Z%u of order |a| =
m — 1. From (105) this problem takes the form

(L+B)Z*uw=F inR%}x]0,T,

MZu=Z*G  on {x; =0} x R x]0,T, (106)
Z%|—o = f in R%,
where
L M
L= ., M= :
L M

B € Cr(H:™3) is a suitable linear operator and F is the vector of all right-hand sides F,. The initial
datum f is the vector of functions Zo‘/f(o‘"*l).
We have F € HY(Qr), f € HL, Z°G € HY(X7). Moreover the data satisfy the compatibility conditions

of order 0. By applying Theorem 24, we infer Z%u € Cr(H}), for all |a| = m — 1.

6.2. Tangential and one normal derivatives. We apply to the part II of (103), the operator ZP0,
with || = m — 2. We obtain equation (28) in [5], that is

(L+01ANZ° + Y (ZAcor + > ZA;0,)Z"

pl=p-1 e (107)
~BionZ Tz ez ] o = g,

where the exact expression of G may be found in [5]. It is important to observe that G contains only
tangential derivatives of order at most m. Hence, we can estimate it by using the previous step and infer
G € L?(Qr). Using (104) again, we write (107) as

(L+C)z o™ =g, (108)

where

E:

L

with L = AP"9, + Z;—;l A]U’Hﬁj and where C € Cr(H?™2) is a suitable linear operator. Here a

crucial point is that (108) is a transport-type equation, because the boundary matrix of L vanishes at
{z1 = 0}. Thus we do not need any boundary condition. We infer that equation (108) has a unique
solution ZP01u € Cr(L*) = C([0,T); L*(R%)), for all || = m — 2. Using (104) again, we deduce
ZB01u € Op(L?), for all |3] = m — 2.
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6.3. Normal derivatives. The last step is again by induction, as in [27], page 867, (ii). For convenience
of the reader, we provide a brief sketch of the proof.

Suppose that for some fixed k, with 1 < k < [m/2], it has already been shown that Z“9u belongs to
Cr(L?), for any h and « such that h = 1,--- |k, || + 2h < m. From (104) it immediately follows that
708yl € Cp(L?). Tt rests to prove that Z*9F  ull € Cp(L?).

We apply operator Z“@f“, |a| + 2k = m — 2, to the part I of (103); and obtain an equation similar
to (108) of the form

(L +Cp)Zoo !l = Gy, (109)

where Cj, € Cr(H:7?) is a suitable linear operator. The right-hand side Gy contains derivatives of u of
order m (in HI™, i.e. counting 1 for each tangential derivative and 2 for normal derivatives), but contains
only normal derivatives that have already been estimated. We infer G, € L?(Qr). Again it is crucial
that the boundary matrix of £ vanishes at {z; = 0}. We infer that the solution Z*0% ™ u! is in C(L?)
for all o, k with |a| + 2k = m — 2. By repeating this procedure we obtain the result for any k < [m/2],
hence u € Cp(H™).

Remark 28. In order to show that u € Cr(H™), an analysis of the definition of spaces HI" shows that
it is sufficient to prove Zu € Cr(H™™1), and that 3In/2u € Cr(L*) when m is even. In this respect, a
simple proof of Zu € Cr(H™ 1) could seem as follows. Let us apply the operators Z; to (103) and use
(99); this gives the problem

LZiu+ 3 5= IZPu=(Z;+V)F +Tou, in R} x]0,T],
MZu = Z;G, on {z; =0} x R x]0, T, (110)
Ziujt=0 = Zi [, in R7,

fori=1,...,n+ 1. Lemma 41 shows that Tg € Cr(H:™3), Ty € Cr(H:™Y), ¥ € Cr(H:™Y). Using the
result of Theorem 38, we easily verify that (Z; + W)F + Tou € H™ 1(Q1). Moreover it is clear that
Z:G € H" Y (2r), Z;f € HY(Q) with Z;f®) € H**"1(Q), k =1,--- ,m — 1, and the compatibility
conditions for (110) hold up to order m — 2.

Unfortunately, it is also clear that we can’t apply Theorem 2 (with order m — 1), because I'g is not
smooth enough for being absorbed in the 0-th order term of the operator, required to be in Cr(H:™1). In
fact, with this approach we are not using well the compensation in the loss of derivatives that appears
when differentiating products of functions.

The apriori estimate (9) follows from (93) (namely estimate (9) in case m = 1, proved in Theorem
24) applied to the solution of (106), plus standard L? energy estimates for equations (108) and (109),
and the direct estimate of the normal derivative of u by tangential derivatives via (104). All products of
functions are estimated in spaces H* by the rules given in Theorem 38 and Lemmata 39 and 40 in the
Appendix. We refer the reader to [5, 27, 29] for all details.

We observe that the constant C, in (9) not only depends on the norms of the Sy, A;’s in Cr(H),
and the norm of B in Cr(H:™1) if m < s — 1, or in Cr(H?) if m = s. It depends also on the constant
of positive definiteness of the symmetrizing matrix Sy, and on an upper bound for the inverse of the
nonsingular part of the boundary matrix (e.g. a constant C' such that |(/A1{I)*1\ < C in (51), on each
patch).

This concludes the proof of Theorem 2.

6.4. Homogeneous boundary conditions. The proof of Theorem 3 for homogeneous boundary con-
ditions, when assumption (E) is substituted by (F), is similar to that of Theorem 2, and so we will omit
it.

APPENDIX A. PROOF OF PROPOSITION 12

Let X. be the function defined in (40). We begin giving some properties of its Fourier transform.
Firstly, we notice that from formula (38), the following estimates for the derivatives of X can be easily
derived

9°%(&) = o(¢r~1ehy, ¢—o, (111)
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for all & € N™ with |o| < p.
In the sequel, we denote by & the Fourier dual variables of 3/ € R™.
Lemma 29. Let Y. be defined in (40). There exists a positive constant C' such that
(@) < CPQoIEPT +1), Y& R V= €]o,1]. (112)
J<p

Proof. By definition, we find for ;E the following formula

© Rn+1

. _evr
A Taylor’s expansion of e~ "2z gives

_E@;:Z(Eyl/2)+p( ey1/2)Pe

|
Jj<p J

= X(y)dy. (113)

Osyl
e

for a suitable 0 E]O 1[. Inserting in (113) we get

ZC 5JZU1X (0,e¢") + Cpsp/ e—i(yhy’)'(o,sf’)y{;e_ v

n+1
j<p R

x(y)dy,

with positive constants C;, j < p, independent of €. From yJ x(£) = (id¢, )X (€) and using estimates (111)
(and that X is rapidly decreasing), we derive

~ R lyql
X.(€)] < zowaf X(0, €]+ Cpe? [y lya17e = I (y)ldy

< ZCEJIEUP T+ CpePM < CeP(L P77 +1), V¢ eR™,

J<p Jj<p
with C' > 0 independent of €. O
Lemma 30. For all N > 0 there exists a constant Cny > 0 such that
(1+ [ PNX(E) < Cn, V€ €R™, Ve €)0,1]. (114)
Proof. By Newton’s formula, we compute
A+ PNV = > Cu(e)?
la/|<N

for suitable constants C,, > 0. To derive (114), it is enough to bound (55’)2“?6(5’) uniformly in e. Using
formula (40) and integrating by parts, we obtain

o= o et o _ey1
PR = (1) [ G )

hence
o' = o Lyl
(€)X (€] < / 052 X (y1,9")|e > dyrdy’ =: Co.
Supp X
Inequality (114) immediately follows summing over all o’ € N with |o/| < N. O

We note that the interesting feature of both estimates (112), (114) consists of the uniformity with
respect to : this seems to be not a trivial consequence of the rapid decrease of X, due to the kind of
dependence on ¢ displayed by (40).

Proof of Proposition 12. The proof follows by adapting that of Theorem 2.4.1 in Hérmander [13]. We
divide it in two steps.

15 step: Right-hand estimate in (41).

Using Parseval’s formula we obtain

L >\ " d - ) sy el
[ st (14 %) S =eo [ jae)pre. o, (115)
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LIPS 2\ 4
Fe0) = [ Riere (1+5) T

Using Lemmata 29, 30 and arguing in a similar way as in [13, Theorem 2.4.1], we deduce the following
estimate

where

F(¢,0) <O+ [EP)FA+ 61?7, Vo€lo,1], Ve eR™. (116)
Then, (115) and (116) immediately give
1 ~ _ 2\~
fo |Ju * Xs”%m}{n)g o (1 + %2) % (117)

< CEm)™" fou [E)PA+ [P+ 16¢'12) e = Ollullfn j_1,5
from which the right-hand inequality in (41) follows, observing that
[l gre—1mny == [Jullrn k—11 < |Jullrn g—1,6 VO <46 <1

21 step: Left-hand estimate in (41).
We observe that our estimate can be obtained as a consequence of the following two facts:

hl. There exist M > 1 and C; > 0 such that
F(E,0) 21+ [P +16¢')7", Ve eR" 1 |€| = M, V6 €0,1];
h2. There exists C5 > 0 such that
A+IEP) =2 Gt + €Y A+6g' )7, Ve eR™ : €] < M, V6 €)0,1],
with the same M involved in hl.
Indeed, if h1, h2 are fulfilled, we get

i el o2 (14 ‘i) % 4 lulf sy

T Jrn [A(ENPF(E,8)dE 4+ (2m) " [ou [A(E) [P (1 + [€'1)F dg!
> (2)Ch fgpoag [P+ [E/2(1 + 10€72) e
H2M)C [ [EIP L+ €'R)E(L +[6¢'7) e

> min{Cy, Co}|[ullgn 11 5-

It remains to prove that hl and h2 are satisfied. h2 is trivial; hence we concentrate now to prove that
h1 is fulfilled.

Since y € C§°(R™+1), Paley-Wiener’s theorem gives that its Fourier transform x(€), for £ € R+, admits
an extension to the complex space C"*!, denoted again by ¥, which is an entire analytic function on
C"*1. By the definition of functions Y., it follows that

~ ., 1€ n
Xs(é-/) = X(—57€€/) ) vé./ eR™.
We use this identity to write F(¢',4), appearing in formula (115), as

1 . 2 —1
ISy o ¥ 2.2k 0= de
Fe0) = [ REFeore (1+5) T

We want to provide for F'(¢',§) an estimate from below of the type considered in h1. To do so, for |¢/| > 1
we split the integral above as

(fl f2lﬁ\+f\§l +f‘5‘
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where 0 < ¢ < 1 will be chosen later on. From the above decomposition it follows that

AP - -t
P(e.0) > [l [R(-§.e) e (1+ B) €

S ’ —2k

> EPH(1+ [ R R, 26) P e
26¢’ — —2k

= &R+ 129 7 IR (= ofts n)\zt hdt

’

where, in the last line, we have used the change of variable ¢t = ¢|¢’| and we have set n = %\
Thanks to the last inequality, in order to prove hl, it is sufficient to prove the following statement

h. There exist o €]0,1[, M > 1 and C > 0, such that for all &’ € R™ with |¢'| > M

7 dt
I(¢ 2k > 0 118
€)= [ Rl = (118)
Note that by the trivial inequality
it it
5(\_777577 Z )?07“7 - )?—7,“7 _5(\07t7’ )
R )] = R0, )]~ [R(— g7 1) = (0, 1)

to prove h it is sufficient to prove that the following two claims are true:
Claim 1 There exist o €]0,1[ and C2 > 0 such that

IX(0,tn)| > Cy, Vte|o/2,0], VneR", |n|=1. (119)
Claim 2 There exists M > 1 such that for all 5’ € R™ with |¢'| > M and all ¢ € [0/2, 0] then
N 02
IX(=57

with the same C5 involved in Claim 1.
In fact, from Claims 1 and 2, we get
1t it

(== tn)| > |R(0,tn)| — |[R(— =, ¢ 0,t)| > Cy— 22 = 2

Ix( TR )| = 1X(0, )] — IX( TR 1) = X(0, tn)| 5 = 3
for all ¢ € R™ with |[¢/| > M and for all ¢ € [0/2,0]. The last estimate implies the statement in h,
provided that o and M are the ones coming from Claims 1 and 2, respectively. To conclude, it remains
to prove Claims 1 and 2. R
Proof of Claim 1. We use the explicit form of x given by (38) to get X(¢) = |(|P¢(¢), for ¢ € C"1. From
#(0) # 0 and the continuity of ¢ we obtain

3C, >0, 30 €)0,1[: |$(0,tn)| > Cy, Vtelo,o], ¥Vne R, |y =1. (120)
Then (120) implies
3C >0 : |x(0,tn)| > Cy, Vte[o/2,0], VneR" |n =1,

with the same o as in (120), which concludes the proof of Claim 1.
Proof of Claim 2. We first observe that, with the choice of o coming from (120), for t € [0/2,0] and |£'| > 1
we find that the points (—%, tn), (0,tn) belong to the closed ball B, =, :={(¢ € Cntl: ¢ < ov/5/2}).

Since X is uniformly continuous on B_ NPT there exists a positive g5 such that

Cz

Cy Oy

it
X(—=—,tn 0,t 121
IX( T ) = X(0,tn)| < (121)
is satisfied as long as
it
———tn) = (0,¢ < 122
(~gjg 1) ~ O.tn)| = g7 < (122)

In order to conclude, it remains to prove that there exists M > 1 such that for all ¢ € R™ with |¢'| > M,
(122) holds for all t € [0/2, 0]; it can be proven that such an M exists and is given by M = max{1, 37-}.
This completes the proof of Proposition 12.
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APPENDIX B. PROPERTIES OF ANISOTROPIC SOBOLEV SPACES

This section is devoted to some fundamental properties of function spaces H}* and H}. We improve
significantly known results in the literature [20, 29, 34] about imbeddings and products of functions,
which are the fundamental tools for calculus in spaces H]". In the sequel, we denote by C(OOO)( ) the set
of restrictions to © of functions of C§°(R™). We first recall the following result.

Theorem 31. For all integers m > 1, C () is dense in H"() and dense in H(€2).

Proof. See [20]. O
We have the following estimates of Gagliardo-Nirenberg type.

Lemma 32. For all functions u € H*(2) N L*>(Q) one has

12202, ull L2~y < Cllull gy 1l 3 ) (123)

where y =1— (1 — [m/ 57) (1 — | ‘Qh) and provided that 0 < h < [m/2], 0 < |a] < m — 2h.

Proof. By introducing a suitable partition of unity and a local coordinate change we reduce to the case
Rt = {z = (z1,2/)|z1 > 0,2’ € R"'}. Given u € H*(R"), we extend it to the whole space as in [14]
by setting @(xz1,2") = u(xy,2’) for 1 > 0 and a(xzy,2') = Z;n L oju(—jxy,x") for z; < 0. We impose

the continuity conditions of 0% @ at @1 = 0 for k = 0,.. — 1, which yield Z L ai(=5)kF =1 for
k=0,...,m—1. As this linear system has a Vandermonde matrlx it is 1nvert1ble and the coefficients
ai,...,Qy are defined in a unique way. The extension is a linear continuous operator from HJ"(R’})

into H"(R™) (with an obvious definition of the last space). Moreover, it is such that || Z%9F | prgn) <
C||Z“8:’jlu\|Lp(Ri) for all |a] +2k < m and all 1 <p < co. Therefore, from now on we may work in R";

we also write u instead of 4.
Let p > 2. By integration over = R™ of Z;(u Z;u|Z;ulP~2) we obtain as in [10] the estimate

L)) (124)

1Z5ul2, ) < (0 = Dllulzagay (122ullr o) + 0151210l

forall j =1,...,nand 2/p = 1/g+1/r. By multiple application of (124) we obtain (proof by induction)

a 1—|a|/m al/m
12Ul o) < Cllull o)™ Si<isicm 127ull ey, (125)
for 1/p=(1—lal/m)1/q+ (Ja|/m)1/r, and 1 < |a| < m. It yields in particular
o 1—|a|/m al/m
12| g2 101 () < Cllull 0™ T grem 1270l 25 (126)

for 1 < || < m. Similarly we can obtain

1—h/[m/2 m/2 h/m/2
108 ull 2t 217 0y < Cllull Ly 108 Pl Py, (127)
for 1 < h < [m/2]. Combining (125), (126) and (127) gives
ag al|/(m—2h al|/(m—2h
1202 ull 1oy < CllORullpalad ™2 S < i<z 12000 ul 22 (128)
1—h/[m/2 [m/2 h/[m/2 1—|a|/(m=2h) al/(m—2h
< C (Jlull L5 1ok Pl i)™ ) <toem—2 12000, ul AT

where 1/p = (1 —|a|/(m —2h))1/q+ (|a|/(m —2h))1/2, 1/qg = (h/[m/2])1/2 and 1 < |a| < m —2h, 1 <
h < |m/2]. From (128) we readily obtain (123). O

Let us define the space
Whe@Q)={uec L®Q) : Zue L®(Q),i=1...,n},

equipped with its natural norm. From Lemma 32 we deduce the following Moser-type inequalities.
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Theorem 33. Let m € N, m > 1. If m is 1 or even, for all functions u and v in H*(2) N L>(Q) one
has

vl ) < Clllullmm@ vl @) + lullLe@llvll am@)- (129)
If m > 3 is odd, for all functions u and v in H™(Q) N W (Q) one has
vl @y < Clullmzm @l =y + Nl = ol @) (130)

Proof. If m =1 the proof is obvious, so we consider the case m > 2. Again, by localization we reduce to
the case Q = R = {z = (21,2/)|z; > 0,2’ € R"~'}. Assume first that m is even. By Leibniz’s rule we
have

[uvl|grm@y <C Y > 1Zo ok 2P0k vl 2 ) = I + I,

la|+2k<m B<a,h<k
where we have denoted
L=C Y (loz°0k ulla@y + 0 2205, ol r2)) |
|a]+2k<m
L=C Y D VA Ao/ PR
la|+2k<m (B,h)€K1(ev,k)
Ki(a,k)=4{(B,h): B<a, h<k, 1<|B]+2h<m—1}.

It is clear that I; may be readily estimated by the right-hand side of (129). As for I5, from the Holder’s
inequality we get

1ZoPoy M u 2P0} vl 120y < CIIZO P05 ull L2 12703, ]l L2100 (131)
where v and ¢ must satisfy v+ § = 1, when |a| + 2k = m. In view of (123) we choose v =1 — (1 —
ﬁ)(l - %), 0=1—-(1- [mh/Q])(l - mlf‘2h)' Here we notice that for the indices in I one has
k—h <[m/2], h <[m/2], |a— B3] <m—2(k—h), |3] <m—2h. This choice of v and ¢ enjoys the above
requirement and yields, by applying (123),

||Za7ﬂa]n§:hu Zﬁaa}ZlU”L?(Q) < CIIUIIEZJ(Q)IIUIIV in(Q)||v||7w(g)||v||}{}7(g)

< Ollull o vl zm ) + lullzm @)l Lo ())-
Adding over «, 8 and k, h completes the proof of (129). Assume now that m > 3 is odd. By Leibniz’s
rule we have

(132)

luvll gy <C > S 125 B0k 28R wll gy =y + o+ s,
la|4+2k<m B<a,h<k

where we have denoted
J=C Y (lvze0k ullr2 ) + luZ°0F vl 2()) »
|a|+2k<m

Jo=C > Y 127 Puz%| ),

lo|<m BEK2(a)
J3=C Z Z ||Z°“58’;l‘hu Zﬁag};lUHLz(Q),
lal+2k<mk>1 (8,h)EKs(ak)
Ky(a) ={B: f<a, 1 <[B| <m—1},

K(o, k) ={(B,h): B<a,h <k, 1<|a—p|+2(k—h),1<|3]+2h}.
Again, J; may be readily estimated by the right-hand side of (129), and consequently by the right-hand
side of (130). As for Jo, we can use the interpolating inequality (123) for purely tangential derivatives,
proceed as in the proof for I, and get an estimate of Jo by the right-hand side of (129).

Finally, let us consider Js. If |a| + 2k < m we may apply (129) with m — 1 (which is even) instead of
m. Let |a| + 2k = m. Since m is odd, |« is also odd. Then the generic term has either the form

|\Z7_58’;;hZuZBGQIUHLQ(Q) (133)
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if |8] is even, where « is such that || = |y| 4+ 1, so that also |y — G| is even, or the form
| Zo=Pok—u 2200 Zv|| 120 (134)

if |8] is odd, where § is such that |3] = || + 1, so that |a — 3| and |§] are both even.
If | 5] is even and |B] + 2h = m — 1 then |y — 8] + 2(k — h) = 0 and the norm in (133) reduces to

||Zu238£1v|\Lz(Q) S CHZUHLOO(Q)||'UHH1n—1(Q). (135)

Otherwise we have |B| +2h < m — 1 and we may check that |y — 8| +2(k—h) <m—-1,k—h <
[(m—1)/2], h < [(m—1)/2]. Then the norm in (133) may be estimated as we did for I, by applying the
interpolating inequalities (123) in H*~1(Q) to the functions Zu and v. The norm in (133) is estimated
by

C(|1Zul| oo () lIv]

Hm(Q))- (136)
If |3] is odd and | — 3] + 2(k — h) = m — 1 then |3| + 2h = 1 and the norm in (134) reduces to

a1y T 10llLee (o) llul

127205 u Zv| 120y < Cllull g1y 1 20| L= 0 (137)

Otherwise we have |o — (] + 2(k — h) < m — 1 and we may check that k — h < [(m —1)/2], |§| + 2h <
m—1, h < [(m—1)/2]. In this case the norm in (134) may be estimated again by applying the interpolating
inequalities (123) in H™~1(2) to the functions u and Zv. The norm in (134) is estimated by

C(llul

ar—r @ 120lLoe @) + lullze@llvllar @)- (138)

By (135), (136) and (137), (138) we conclude the estimate of Js3. The proof of (130) is complete. O

Imbedding theorems for the anisotropic spaces H["(2) follow in natural way from the inclusion
H™() — HI™/2(Q) and the imbedding theorems for standard Sobolev spaces, see [20, 29, 34]. In
particular, following this way one has the continuous imbedding H™(Q2) — CY(Q) if m is such that
[m/2] > n/2. This result is improved by the following theorem.

Theorem 34. Let 2 be a bounded open subset of R™, n > 2, with C*° boundary. Then the continuous
imbedding H"™/2T1(Q) — cO(@Q) holds.

For example, in dimensions 2 and 3 we improve from H(Q) — H?(Q) — C°(Q) to H2(Q) — C°(Q)
and H3(Q2) — CY(Q), respectively. We also observe that, for n even, the result improves the standard
imbedding H™2+1(Q) — C¢0(Q) to H™ 2 (Q) — cO(@Q).

Proof. We observe that C°°(Q) is dense in H™(Q) from Lemma 31. Thus it is sufficient to prove that
ullL=(0) < Cllullaz @),

for all u € C*(Q), where m = [(n + 1)/2] + 1. By introducing a suitable partition of unity and local

coordinate change we reduce to the case Q = R = {z = (21,2/)|z1 > 0,2/ e R" '}, u e Cio)(RY). We

notice that m = [n/2] + 1 if n is even, while m = [n/2] + 2 if n is odd. For any x; we have

s, MBrmsersy = @m0 [ <€ > o )P (139)

where @ denotes the partial Fourier transform of u defined by

a(fﬂhgl) :/ B e—iw/‘g/u(xhx/)dxl
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and where < ¢’ >= /1 4 |¢’|2. The right-hand side of (139) is equal to (R = real part)

7(27.[-)*77&'1 \/Rni1 < gl >2m72 (LT 81|i(€175,)‘2d§1)d5,
= —(2m) "t / < & >2mm2oR( / w(€)ova(€) d&y) de’

Rn—l T

+oo
= —2(2W)7"+1§R/ / <€ >ma(€) x <& >m2gra(€) de
x1 Rn—l

S 2HU| %{:L(Ri)v

by application of the Cauchy-Schwarz inequality. Thus we have
l[u(@1, )| [gm-1@n-1) < \/§||UHH1"(R1)- (140)

From the definition of m we infer 2(m—1) > n—1, which yields the continuous imbedding H™~}(R"~!) —
C%(R""1). From (140) and this last inclusion we obtain the thesis. O

Considering the space H () gives a further improvement. Observe that the following criterion on
m, m > n/2, is the same of standard Sobolev spaces. The imbedding H™ () — C°(2) was previously
known only for m > 2[n/2] + 1, see [34].

Theorem 35. Let Q be a bounded open subset of R™, n > 2, with C* boundary. If m > n/2 then
HM(Q) — CY(Q).

Proof. We proceed as in the proof of Theorem 34. For any x; we find

400

uor, sy = ~220) R [ [ c@sm il x < >m 0@ de
T Rn—1

< 2/[ulf3,, 1

(141)
(R7)’

by application of the Cauchy-Schwarz inequality. If m > n/2 we infer 2(m — 1/2) > n — 1, which yields
the continuous imbedding H™~1/2(R"~1) « C%(R"!). From (141) and this last inclusion we obtain
the thesis. 0

From Theorems 33 and 34 we immediately deduce the following theorem about products of functions.

Theorem 36. Let m > [(n + 1)/2] + 2. Consider functions v € H™(Q) and v € H™(Q). Then
wv € H™(Q) and

[[uv]

ar@) < cllull gl am )

The following theorem provides some summability properties of anisotropic Sobolev functions with
low order of smoothness.

Theorem 37. Let Q be a bounded open subset of R™, where n > 4, with C°° boundary. Then the
following continuous imbeddings hold true:

a. [fn>5and2§m<"771, then

1 1 m
H™(Q L™ (9 v 2,r" — === . 142
PO S LN@), Vel =gt (142)
b. If n > 5 is odd, then
n—1
H=* (Q)—=L"(Q), Vrel2,n+1]. (143)

c. If n > 4 is even, then

HE(Q)— L'(Q), Vrel[2,2n]. (144)
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Proof. As in the proof of Theorem 34, by introducing a partition of unity and performing local changes
of coordinates, we may reduce to the case 2 = R}. For n > 5, let m be a given integer such that

2<m< ”7_1
In order to prove the first imbedding (142), firstly we use the standard Sobolev imbedding

H™ YR 1) — LYR), (145)
where % = % — ZL > 0, to find that the inequality

lu(@y, M po@n-1) < Cllul@, )| mm-1@n-1)
holds for all u € CF) (R’ ) and a positive constant C' independent of u. Then, estimating [|u(z1, -)|| gm-1(&n-1)
as in the proof of Theorem 34 gives

[ull £oe (0,405 La(rn-1)) < CHUHHm(R ) (146)
Similarly, from the imbedding H™(R"~1) — LP(R™1), Wlth =5 — 727 >0, we derive
2 e 2 2
[|ullZ2(0,400; Lo @@n-1)) < C/O (@, M zm @n-1ydzr < Cllullzrm @) (147)

for a suitable C' > 0 independent of u.
Let 6 be arbitrarily fixed in ]0,1[. For 1 = g + % interpolation between LI(R"~!) and LP(R"~!) and
Fubini’s theorem gives

400 r r 1 [}
gy = 5 s s < I oo e o G e
(1-6
*fuer, [ ey dan
Setting r(1 — 0) = 2, from + = E + ? we compute for 6 and r the values
11
37 2 2 1
0:0*:121;)1: mlv r=rti= (nlJr2)'
27 + q n—+ n+1-—-2m
Setting r = r* and § = 6* in (148) and using estimates (146) and (147), we get
lullpr @y < Cllullam @) (149)
¥ +

which proves the imbedding H*(R%) — L™ (R%). The imbedding H™(R") — L"(R?%) for all r € [2,77]
immediately follows from the interpolation between L?(R) and L™ (R"). This ends the proof of (142).

Assume now that n is odd and > 5. To prove the continuous imbedding (143), we apply again
the inequality (146) for m = 25! and ¢ = n — 1 (recall that (146) follows from (145) that is true if
m—1< "771) Then use the Sobolev imbedding

H'Z (R — LP(R™), ¥p e [2,+oo],
to find
ul|? . Lp(Rn—1 <CU2n71 y v € (2, +00].
I ||L2(0,+oo,L (RP=1)) = I ||H*T(]Ri) pe| [
Arguing as before, we get for all p > 2
“+o0
HUHLT R" < HuHLoo 0,400; Lq(]Rn 1)) fo Hu( )||L:D R" 1) dxl ) (150)
where 6 € [0,1] and r are such that r(1—6) =2 and 1 = g-l- 1% = % + %; hence we derive as before
rpny < C n— 151
el ) < Ol oz (151)

where r = 2(n — 1)(3 — 1 + —15). Then the continuous imbedding (143) follows by noticing that the

n—
function p — r(p) = 2(n — 1)(3 % + —1-) is increasing and continuous over [2,4+oc[ and r(p) /' n + 1
asp /" +oo.
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To conclude, we prove the continuous imbedding (144). Thus, we assume that n > 4 is even. Again,
by (145) for m = § we derive that
|[u]| o0 (0,4-00;La (RP 1)) < CHUHHT(RQ) ,

where % = % - = 2(71,1) Moreover, since 5 > ”T_l, the standard imbedding H? (R"~!) —

Lo (R™1) gives

=

el 20 4oci= -t < Cllull 3 g -

Then for all » > ¢ we find
s, M sy < N s [ )L

Hence

+oo

r r + r—
HUHU(RQ;) =fo  llulz, ')||Lr(Rn71) dry < ||U|‘qLoo(oy+oo;Lq(Rn—1)) o “lu(zr, ')||Looq(Rn71) dxy .

Setting now r = ¢ + 2 = 2n we derive the continuous imbedding jisd (R%) < L?"(R7%). Interpolation
between L?(R") and L*"(R") gives the continuous imbeddings in (144).
U

The next theorem deals with the product of two anisotropic Sobolev functions, one of which has low
order of smoothness.

Theorem 38. Let m > 1 be an integer and s = max {m, [%] +2}. For u € H™(Q) and v € H:(Q)
then uwv € H"(Q) and

||uv

a (@) < cllullap @ llvlla: @) - (152)

Proof. We suppose 2 = R’ ; the general case can be reduced to this case by localization and flattening
of the boundary.

Ifm=s> [’%1] + 2 then the result of Theorem 38 is just the one of Theorem 36. So, let us assume
that 1 <m < s = [%5] + 2. For m = 1 the result is true as a consequence of the imbedding Theorem

ntl
34; indeed for u € H}(R}) and v € H,[ 2 ]H(R’}r), then uwv € L*(R"}). Moreover for all j =1,...,n:

Z;(uwv) = Zjuv +uZ;v
ntl
still belongs to L? (R%), as Zjv € Hﬁ[ 2 Hl(Ri) — L>(R") (again from Theorem 34). For 2 < m < s—1,
assume the result has been already proven up to the order m — 1; we want to show that it is true up to
m. Let us consider u € H*(R") and v € HE(R'.); by hypothesis, we know that wv € H" *(R%}). It
remains to prove that Z*9f (uv) € L*(R"), when |a| + 2k = m. By Leibniz’s formula, we compute
1Z2°0F (uv)|| L2y < C > 125014 278y | L2 @y (153)
(B,h), (v, D€eI(a k)

where I(a, k) i= {(8,h), (1,) : B+ =a, h+1=k}.
Let us assume n > 4. We split I(a, k) as I(a, k) = 1 (o, k) U Iy(a, k) U Is(a, k) U Iy(o, k) U I5(a, k),
where

Li(oyk) :={(B,h),(v,)) e I(a,k) : 2<m —|B|—2h < 25 and 2 < s — |y — 20 < 251},

Iy(o, k) :={(B,h), (7, 1) € I(a, k) = - m —[B] =2k < 1};

I3(e, k) == {(B,h), (7, 1) € I{e, k) = s = |y| =20 < 1} (154)
Lo k) = {(B,h), (v,1) € I(a, k) = m —[B] = 2h > "5}

[5(Oé,k) = {(57 h)> (7’l> € I<a’k) 8= |7| -2 > nT_l}
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(notice that I (a, k) = 0, as long as n < 5). According to the splitting above, we decompose the sum in
the right-hand side of (153) as:

> 1250w 270 v|| L2 gny = K1 + Ko + K + Ky + K5,
(B,h), (v, D)€l(a k)
and we estimate separately each term, where for i =1,...,5
K= > 12507 u 270w L2 gy -

(B,h), (.)€ li(ak)

We consider K. From Theorem 37, a., we have for all (8, h), (v,1) € I1(«, k):

2000 € BTN RY) — L2RY) N LP(RY), L= 1 melgleh
270 € B TTHRY) < L2RY) N LIRY), L=1 - e=hl2

Since ]1;4— % =: % < %, we get
HZﬁ@{LuZ’Y@{vHLz(Rn) < ||Zﬂahu|| 2p HZV@ | QJ(R
01 92

< IIZﬁahUIliz(Rn HZBC%UHLP(W ||1Z7 3 vl\iz En) 1278} vHLq(Rn)

6 6
< ||Zﬁa U/||22 Dé" HzﬁahuH m |B]=2h i)HZVa UH},Q ]1%" HZ’Ya UH s—|v|— 2Z(Ri)

< ||UHH'm

n)o

where 0 := 1% and 0y = 72
Let us consider now Kg For all (8,h), (v,1) € Is(a, k), one has |8] +2h > m — 1 and |y| + 2] =
m — (|8| + 2h) < 1. Then, Z79v € H: '(R%) — L°°(R7%) by the imbedding Theorem 34. One

immediately derives

||Zﬂaluzvalv||L2(R") < ||Zﬂ51 U|\L2(Rﬂ)\|2731v\|Lw(R"

J(RL) -

Let us estimate K3. Firstly, we observe that for 2 < m < s — 1, Ig(a,k;) is empty, because (v,1) €
I3(a, k) would satisfy both |y| + 21 > s — 1 and || + 2! < |a| + 2k = m. For m = s — 1, one computes
that all (3, h), (v,1) € Is(«, k) satisfy |y| 4+ 20 = m (thus (v,1) = (a, k)) and |3|+2h =m — (|y|+2]) =0
(thus (3,h) = (0,0)). Again by Theorem 34 (applied to H™(R"%) = H:~!(R%)), this yields

||Zﬁ81UZA/81’UHL2 R") = ||uZ°‘81v||Lz(Rn) < ||UHL°°(]R )HZO‘(‘?lvHLQ(Rn) < ||u||Hm

J(RL) -

Let us consider now the term K4. We divide the proof in several steps.
i) First, we assume that n > 4 is even. Setting n = 2k (k integer > 2), we compute that 25= =k — =
and [241] +1 =k + 1. Since each (8, h) € I4(a, k) satisfies m — |3] — 2k > 251 and m < ["+1] +1, we
deducek—égmgk—kl, hence k <m < k+ 1.
i.1) For m = k, inequality m — |3| — 2h > 25 implies that |8 +2h = 0 and |y|+ 2l = m — |8| — 2h = k.
Hence, by the use of Theorem 37, c., we obtain
2000 =ue H"(R") = HFY(R?) = HE(R?) — L2(R7) N L*"(R") — L™(R?)

and, since s — k = [”TH] + 2 — k = 2, the imbedding Theorem for ordinary Sobolev spaces gives

« 1 1 1

270 € H*(RY) = HA(R}) — HY(R}) — L* (RY}), =5
* n

Hence, we obtain that

HZﬁaluZ'V@lvHLz(Rn = HUZA@WHL2 ) < HUHL"(R" ||Z’Yalv||L2*(]R”

) .

i.2) For m = k + 1, we find that for (3,h) € Ii(o, k), m — |B] — 2h = k+ 1 — |B| — 2k > k — 3 implies
|B] + 2h < 1. We have to consider two cases.
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i.2.1) For |8 + 2h = 0, then |y| + 2l = k + 1; hence by Theorem 34 we get ZP0iu = u € H'(R}) =
n+41
ML Rn) < Lo (R?), then

H,.[T
12507 u 27010 L2 @ny < |lull oo )1 270 0] | 2y < |Jul

H;n(m)”v\ H:(R7) -

1.2.2) For |3| 4+ 2h = 1 we have |y| + 2 = k; then, as in step i.1), we find
7000y € HE(RY) = HE (R?) — L*(R?) N L*"(R?) — L"(R"),

and

« 1
Z70fv € H; " (R}) = HXRY) — H'(RY) — LT (RY), oo =5 -

DN | =
S

and we conclude as for i.1).

ii) Assume now that n > 5 is odd; setting n = 2k + 1 (k integer > 2), we compute ”T’l = k and
["7'*'1] + 1=k + 2. Hence, from m — |3] — 2h > "T_l and m < ["T'H] + 1, we find that £ <m < k + 2.
We have to consider three different cases.

ii.1) For m = k, inequalities k > m — 8| — 2k > 27! = k imply that |3|+ 2h = 0 and |y|+ 2] = k. Then,
by Theorem 37, b., we get

n—1
ZP0tu=ue HF(R})=H,* (R})— L"(R}), Vre[2,n+1] (155)
and, since s — k = [”TH] +2—k=23,

. 1
Z70v e HEM(RY) = HXRY}) — H'(R}) — L* (R}), — =

= (156)

DN | =
S

Using (155) with » = n and (156), we conclude again as in step i.1).

ii.2) For m = k + 1, inequality k+ 1 — || — 2h > 271 = k gives that |3 + 2h < 1; moreover k = m — 1 <
Y| +2l <m=k+1. Since s — (k+ 1) = [2] + 1 — k = 2, applying again Theorem 37, b., for r = n,
and the ordinary Sobolev imbedding Theorem yield

n—1
ZPotu e HM Y (RY) = HF(R?) = H, ® (R}) — L"(R%}),
770 € H-FTU(RL) = H2(R?) — HY(R?) — L' (RY), =

and we conclude as in the preceding case.
ii.3) For m = k + 2, inequality k 4+ 2 — | 3] — 2h > k implies | 3| + 2h < 2. We consider two different cases.
ii.3.1) When 1 < [8| +2h < 2 then k < |[y|+2l < k+1land s — (k+1) = [2] +1—k = 2. Thus
Theorem 37, b., and the standard Sobolev imbedding Theorem imply again
2P0 € HP2(RY) = HARY) = HIT (R}) < LM (RY),
770y € H- D (Rn) = H2(R?) — L2 (R?), L =

and we conclude as in the preceding case.
ii.3.2) When |3| + 2h = 0, Theorem 34 immediately yields
n+1

2890 = u € H'(RY) = HM2(R?) = HL T 1H
and we conclude as in case i.2.1) before.
Gathering all of the estimates collected in cases i.1),-- -, ii.3.2) above gives the desired estimate for Kj.

At last, the estimate of K5 is deduced by similar arguments; therefore we omit it for shortness.

Gathering all of the estimates collected for each of the different terms K7, ..., K5 before gives that the
derivatives Z@9%(uv) € L*(R), whenever |a| + 2k = m, then wv € H™(R%). Combining the found
estimates of K7, ..., K5 with (153) gives (152).
The argument above requires the use of Theorem 37, hence the dimension n has to be strictly larger than
3. We need to treat the cases n = 2 and n = 3 separately.
Case n = 2: in this case we compute s = [3/2] + 2 = 3 and what we need to prove is just that
uv € HZ(R?), whenever v € HZ(R%) and v € H2(R?) (recall that the result of Theorem 38 is true when
m = 1, for all dimensions n > 2). Note that, for n = 2, Theorem 34 gives the continuous imbedding

RY) — L°(RY)
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HZ(R3) — L*(R?). In view of H}(R?) - H3(R%) — H}(R?), we already know that wv € H}(R?%). In
order to check that uv € H2(R%) we still need to show that

O (w) € L*(RY) and Zj(uv) € HH(R?).

Leibniz’s formula gives 81(uv) = dyuv + uwdv; hence 01 (w) € L*(R?), as dju,0v € L*(R%) and
u,v € H2(R%) < L>®(R2). As for the tangential derivatives Z;(uv), Leibniz’s rule gives again Z;(uv) =
Zjuv+u Zjv. Applying another first order tangential derivative and using once more Leibniz’s rule give
also
Zn(Zj(w)) = Zj juv + Zju Zypo + Zpu Zijv +u Z; v € LP(RY),

since again all of the different terms, involved in the right-hand side of the identity above, are products
of a function in L?(R2) and a function in L>(R2) (because of the continuous imbedding H2(R2) —
L*>(R2)). This proves that Z;(uv) € H}(R%) and completes the proof.

Case n = 3: The proof for the case n = 3 follows by similar arguments, by using the continuous
imbedding H2(R3) — L>(R3) and standard imbeddings for the usual Sobolev spaces H™(R%). We
omit it for shortness. This completes the proof. O

Finally, we give some lemmata useful in the proof of the main Theorem 2. The next lemma improves
the result of [29, Lemma A.4] from o = 2[n/2]+4 to o = [(n+1)/2] + 3.

Lemma 39. Let 0 > [(n+1)/2] + 3 and let A be a matriz-valued function such that A € H(R%) and
A=0ifxz; =0. Then, for each regular enough vector-valued function u

[A01ull L2 (ry) < || A

He @)1 Z1ull L2 ry).- (157)
Proof. Let

H(zy,2") = (1)7! /11 M Ay, 2 )dy = Az, 2') /21
Then, Adyu = Hx101u. By Theorem 34 we infoer

[H Lo @) < N01A] L) < ClOLAN giensn/241 gy < ClIA]| rensn/21+s

(R (R)

which gives (157). O
Lemma 40. Let 0 > 2. Let A€ HZ(R") be a matriz-valued function such that A =0 if x1 =0 and let
H be defined as in the proof of Lemma 39. Then

||HHH;'*2(R1) < C||A||H:;(R1)~

APPENDIX C. STUDY OF THE COMMUTATOR [L, Z;]
Let’s study in more detail the regularity of the matrices I'g,I'g, ¥ in (99).

Lemma 41. Let o be an integer such that o > [(n+1)/2] +4. Assume that A; € Cr(HY), for j =
1,...,n, B€Cp(HZ2). Then the matrices I'3,To, ¥ of formula (99) satisfy

T €Cr(HI™®), ToeCr(HI?), ¥eCr(HI™).
Under the same assumption for A;, if B € Cr(HZ™!) then Ty € Cr(HZ™1).

Proof. We develop our analysis as in [22]. Consider first the case ¢ > 1. Then [A101, Z;] = —(Z;A1)04.
Recalling the decomposition A; = A} + A? given in (76), under our assumptions the matrix H defined
in (77) satisfies H € Cp(HZ~2). 1t follows that (Z;A2)0; = (Z;H)Z, with coefficient Z;H € Cy(HZ™3).
This is the term giving the biggest loss of regularity. As for A} we have

I
(Z: Ao = (Z;ATou! = —(Z; AP (AP <A{’H@1uﬂ + (Z’.’“ A;Zju+ Bu — Lu) ) .

Jj=2
(158)
Since A7 vanishes at {z; = 0}, we can write

—(ZiA{’I)(A{’I)ilA{’UalUH = Hngu,
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with Hy defined as in (77). Using Theorem 38 yields Hy € Cr(HZ~2). For the other terms in (158) the
analysis is straightforward. If ¢ = 1, we readily get the thesis from the equality

[A161,Zl] = A181 — (ZlAl)al =L - Z’Jnj; Aij — B — (81141)21.

The analysis for the other terms in L is similar. O
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